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Abstract
This Thesis examines the mechanical response of large objects -called intruders or anchors-
that are embedded into a granular packing and subjected to dynamic loadings. By using a
numerical approach based on a discrete element method, the study focuses on a canonical
test comprising a plate-shaped intruder, placed horizontally and being uplifted vertically. The
research is articulated into three projects.
The first project considers steady and quasi-static loading conditions, whereby the intruder
is uplifted at a constant velocity. Its purpose is to validate the numerical method against
previously established models for the maximum drag force, also known as uplift capacity.
Incidentally, this project establishes to what extent it is possible to downscale/upscale the
size of the intruder relative to the grain size. This result is important as most laboratory and
numerical tests, starting from those presented in this study, are performed with object-to-grain
size ratios much smaller than real applications.
The second project considers the mobility response under cyclic loading, whereby the
object is subjected to a cyclic uplift force. A series of numerical tests exploring a range of
loading frequency and magnitude reveals the existence of three possible mobility responses.
The object can either move up steadily, not move up at all or exhibit a creep trajectory.
Furthermore, this study points out a phenomena of elasto-inertial resonance inducing a
fluidisation of the packing even at low loading magnitudes.
The third project considers loading patterns including some acceleration of the object.
This reveals a new contribution to the drag force, which we named “inertial drag”. We show
that this contribution results from gradual mobilisation and acceleration of grains in the
packing above the object. We further find that achieving a complete grain mobilisation takes
a finite period of time, controlled by the elasto-inertial stress propagation from the object to
the free surface.
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These three projects highlight fundamental differences between the drag force in quasi-
static loading and dynamic loading conditions. A number of analytical models, built from
identified micro-mechanical processes, are proposed to rationalise these effects.
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CHAPTER 1
Introduction
Granular materials are composed of several discrete grains. Figure 1.1 illustrates some
common examples of granular materials including pharmaceutical pills, coal, rice, cereals,
sand and gravel. These materials are frequently handled in various industry processes in
food, pharmaceuticals, chemical and even in energy sectors. They also serve as construction
materials in civil engineering projects. They are prevalent in geotechnical engineering, as
foundation systems are frequently embedded in granular soils such as sands, gravels, silts and
clays. Figure 1.2 shows the wide range of grain size found in granular soils, from micron size
clay flakes to the meter size boulders.
Unlike traditional liquids and solids, granular materials can deform either like a liquid or
like a solid depending on the loading they are subjected to. This fascinating property is key
to determine whether an object can move in a granular packing. Figure 1.1e illustrates the
possible different states the sand can exhibit when subjected to a load. As the lizard plunges
into the sand, part of the grain packing is fluidized into a gas-like state, other parts are sheared
like a liquid, and sand far from the lizard still behaves like a solid.
Moving an object in granular packing requires applying a minimum, non-null force to initiate
the motion and to sustain it. Any displacement of the object is opposed by a reaction force of
the packing, which is sometimes referred to as a "drag force", by analogy with drag forces
in Newtonian fluids. Understanding and predicting the mobility of large objects in granular
materials in terms of onset of motion and drag forces is pivotal in several applications, as
illustrated on figure 1.3.
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(d) (e) (f)
Pills Coal Food grains
GravelSandClay
FIGURE 1.1: Examples of granular materials. (a) Pharmaceutical pills, (b)
Coal, (c) Food grains (d) Cohesive clayey soil (e) Sand and (f) Gravel (Figures
obtained from ‘Pharmaceutical pills’ n.d. ‘Coal pile’ n.d. ‘Food grains’ n.d.
‘Agricultural soil’ n.d. ‘Desert lizards use body oscillations to dive into sand
(Update)’ 2017; ‘Gravel’ n.d. respectively).
Clay Silt Sand Gravel Cobble Boulder
0.002 0.06 2 60 200 mm
FIGURE 1.2: Typical grain size. Indicates the average grain size of different
soils, all units are in mm.
There is a vast body of experimental and numerical data pertaining to the uplift capacity of
anchors in granular soils under quasi-static loading conditions. This data has yielded a number
of models predicting the maximum force an anchor can sustain without moving through
the packing. These models are key to designing stable anchoring systems in geotechnical
applications. Often these models are based on small scale tests using centimeter-size anchors
embedded in sand. In contrast, real anchors size may range from 30cm to several meters in
size. The size-ratio between anchors and grains is thus different between laboratory tests
1 INTRODUCTION 3
(a) (b)
(c) (d)
Ploughing Excavator
Transmission tower with anchor Offshore platform with anchor
FIGURE 1.3: Mobility problems in granular materials. (a) Ploughing, (b)
Excavating (c) and (d) Anchoring transmission tower and offshore structures
respectively (Figures obtained from ‘Ploughing’ n.d. ‘Excavator’ n.d. ‘Trans-
mission tower’ n.d. Sagrilo et al. 2012 respectively).
and full-scale design. This poses the following open questions, which will be a focus of this
thesis:
1. Can uplift capacity models based on small-scale tests be safely upscaled? Conversely,
how small can laboratory tests be to represent full-scale anchors?
Most importantly, many applications involve loading conditions that are not quasi-static. For
instance, wind, wave and earthquakes induce dynamic and cyclic forces on the anchors. The
mobility response of objects embedded into granular materials under such dynamic and cyclic
loadings remain poorly explored. This thesis will specifically address the following two open
questions:
2. What is the effect of cyclic loading, including amplitude and frequency, on the mo-
bility of plate anchors in granular materials?
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FIGURE 1.4: Discrete element simulated system. (a) Simulated system indic-
ating the plate-shaped intruder represented by black colored fused grains and
the grains of the granular packing in gray color. (b) Typical uplift force v/s
displacement plot, with the uplift capacity F0 denoted by a triangular marker.
(c) and (d) Indicate the kinematic velocity fields and dynamic force chains
(normal contact force between the particles in contact) respectively at uplift
capacity.
3. Are drag forces enhanced when dynamically uplifting such anchors? If so, what con-
trols the transition between a quasi-static – in the meaning: rate independent- response
to a dynamic response?
The purpose of this Thesis is to provide element of answers to these three questions. In this
aim, a numerical approach based on a Discrete Element Method (DEM) is used to simulate
canonical test: a plate shaped object buried in a cohesionless granular packing, and uplifted
vertically. Figure 1.4 illustrates this configuration, as well as the typical “Drag Force versus
Displacement” response obtained when uplifting such object at a prescribed velocity. This
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figure also illustrate the usefulness of DEM, which gives access to the kinematic (displacement
field) and dynamic (force network) micro-mechanical information within the granular packing
at any time during tests.
The research approach of this thesis is comprised of two conceptual steps: firstly, to perform
series of numerical tests that empirically evidence variations in drag forces and mobility
response; secondly, developing predictive models capturing these observations based on
relevant micro-mechanical processes.
The Thesis is organised as follows:
• Chapter 2 provides a review of the literature pertaining to the mobility and drag
forces in granular materials, and identifies the gap in knowledge regarding
(1) upscaling results from small scale laboratory tests
(2) the mobility response to cyclic loading and to
(3) dynamic loadings
• Chapter 3 presents a series of tests aiming to validate the DEM method against
known results of uplift capacity under quasi-static loading. Subsequently, it will
investigate the effect of the object-to-grain size ratio in order to address question (1).
• Chapter 4 explores the mobility patterns of plate anchors subjected to cyclic uplift
forces. The goal is to identify the conditions in terms of loading frequency and
amplitude that leads to either: the object remaining immobile or the object moving
through the packing, thus addressing question (2).
• Chapter 5 examines the drag force experienced by objects being set in motion with
some acceleration. The goal is to probe the emergence of a dynamic drag response,
differing from the quasi-static uplift response, and to address question (3).
• Chapter 6 draws the conclusions of this Thesis, including a summary of the key
findings and the open research questions they point out.
This Thesis is a Thesis by publication, based on the following three papers:
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(1) Athani, S., Kharel, P., Airey, D., & Rognon, P. (2017). Grain-size effect on uplift
capacity of plate anchors in coarse granular soils. Géotechnique Letters, 7(2),
167-173.
(2) Athani, S., & Rognon, P. (2018). Mobility in granular materials upon cyclic loading.
Granular Matter, 20(4), 67.
(3) Athani, S., & Rognon, P. (2019). Inertial drag in granular media. arXiv preprint
arXiv: 1907.05613.
CHAPTER 2
Literature review
This section presents a review of the literature pertaining to the mobility of objects in granular
materials. This literature primarily stems from two research areas: "Géotechnique" and
"Granular Physics".
Typical mobility studies probe the force-displacement response of a large object embedded
into a granular packing. The reaction force of the packing on the object, which hinders the
motion, is called the "Drag Force" by analogy with fluid mechanics. Often, this drag force
reaches a maximum for a small displacement before decaying as the object further moves
through the packing. The maximum drag force is sometimes referred to as "capacity". It can
be seen as the maximum force the object can sustain before moving through the packing.
This review will include results obtained with different object shapes (plate, deep sphere,
plough) and different directions of loadings. Consistent with the scope of this Thesis, it will
focus on studies dealing with cohesionless grains with no interstitial liquid. Example of
configurations and typical force-displacement curve are illustrated on figure 2.1.
The review is articulated as follows:
• Section 2.1 details the existing knowledge on ultimate uplift capacity of plate anchors
under quasi-static loading.
• Section 2.2 introduces results pertaining to the drag forces experienced by objects
being steadily moved at a constant velocity over large distances, after the maximum
drag is reached.
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v
FIGURE 2.1: Force response during the motion of intruders. (a) - (c) indicates
different configurations of mobility studies, (a) Highlighting a possibility of
intruder being mobile in y-direction, (b) A possibility of intruder being mobile
in x- and/or y-direction and (c) A possibility of plough or a pile being dragged
in x- and/or y-direction. (d) Typical force response during uplift of intruder,
F0 - represents the ultimate uplift force and Fd - represents the drag force
averaged over certain time as indicated by the shaded box.
• Section 2.3 presents the limited available studies of mobility under cyclic loading
conditions.
• Section 2.4 briefly introduces the numerical method used in this Thesis.
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The open questions emerging from this review, which form the rationale for this Thesis, are
summarised at the end of each subsection.
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FIGURE 2.2: Failure envelops assumed in different uplift capacity models.
(a) Cylindrical failure envelop. (b) Truncated cone failure envelop and (c)
Circular arc failure envelop (Figures obtained from Ilamparuthi et al. 2002).
2.1 Ultimate uplift capacity of anchors
This section focuses on the uplift behavior of horizontally-placed large (see section 2.1.1)
and small (see section 2.1.2) plate anchors in cohesionless soils, especially in the quasi-static
regime. Large anchors are those whose size is very large when compared to the mean grain-
size d of the granular medium in which they are embedded, i.e., B  d. In contrast, small
anchor’s size is comparable to the size of soil particles in which they are embedded, i.e.,
B ∼ d. The evidenced differences in the uplift capacities of large and small anchors are
discussed, including both experimental as well as numerical findings.
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2.1.1 Large anchors
Several researchers have investigated the uplift behavior of large anchors embedded in
cohesionless soils. When the anchor is steadily uplifted, it offers some resistance before it
starts to move through the granular medium. In other words, failure of the anchor is marked
by a yield force F0, as indicated on figure 2.1d. This maximum resistance, or yield force, is
generally referred to as the ultimate uplift capacity and is denoted by F0 as indicated on figures
2.1d and 2.3a. This ultimate uplift force F0 is generally characterized by a dimensionless
quantity called breakout factor Nγ which is defined as:
Nγ =
F0
γSH
(2.1)
where γ [N/m3] is the unit weight of the soil, S [m2] is the surface area of the anchor in the
direction of pull and H [m] is the embedment depth from the ground level.
Based on the numerous experimental and numerical analysis, researchers have introduced
various empirical models in order to predict the breakout factorNγ . These models are typically
based on an assumed type of failure envelop. For example, some models consider cylindrical
(see figure 2.2a), truncated cone (see figure 2.2b), circular arc (see figure 2.2c), curved arc
and logarithmic spiral (Das and Shukla 2013; Costantino 2009). In general, these models can
be expressed as follows:
Nγ =
F0
γSH
= 1 + f
(
H
B
)
(2.2)
where f is a function that depends upon several properties of the granular medium such as the
angle of internal friction φ, the angle of dilation ψ, the co-efficient of lateral earth pressure K0
and as well as on the shape of the anchor which is captured by the shape factor s. Moreover,
for a considered soil type, sKu (Ku ≈ 1 is the nominal uplift co-efficient) increases with the
emebedment ratio H/B and remained constant for further increase in H/B as shown in figure
2.3b. The point where the sKu plateaued is called the critical emebedment ratio (H/B)cr
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which distinguishes shallow and deep anchor conditions considering the density of the soil
(Meyerhof and Adams 1968; Das and Shukla 2013). The factor s influences the breakout
factor Nγ and becomes relevant for various geometries of anchors.
s = 1 +m
(
H
B
)
(2.3)
where the coefficient m is a function of the angle of internal friction φ and Ku ≈ 1 is the
nominal uplift coefficient.
While investigating the effect of various soil parameters on the uplift capacity of soil anchors
it was found experimentally that F0 increases as the relative density of the soil medium
increases as indicated on figure 2.3a (Meyerhof and Adams 1968; Murray and Geddes 1987;
Dickin 1988; Ghaly et al. 1991; Rahman et al. 1992; Ilamparuthi et al. 2002; Liu et al. 2011;
Evans and Zhang 2019). In other words, higher solid fractions lead to higher ultimate uplift
capacity F0, which in turn affects Nγ as indicated on figures 2.3a and b respectively. The
underlying reason is that the extent of mobilization of grains is higher in dense sand than
in loose sand as shown on figures 2.4a and b. Consistently, these figures also highlight the
difference in the failure envelops for the loose and dense sand conditions.
The angle of internal friction φ also affects the uplift capacity of anchors. Accordingly, the
ultimate uplift capacity of anchors increased with increasing φ as indicated on figures 2.5
and 2.6. Moreover, figure 2.5b indicates that the extent of grain mobilization increased with
the friction angle φ of the granular medium (Merifield and Sloan 2006; Kumar and Kouzer
2008). Consequently, the uplift capacity of the anchor increased as shown on figures 2.5a and
2.6. Additionally, the critical embedment ratio (H/B)cr also increased with increase in φ as
indicated on figures 2.3b and 2.6. (Meyerhof and Adams 1968; Ghaly et al. 1991; Ilamparuthi
et al. 2002; Rowe and Davis 1982; Merifield and Sloan 2006; Kumar and Kouzer 2008 ).
With some discrepancies, the uplift capacity was found to increase with the angle of dilatancy
ψ, where dilatancy is observed for dense soil conditions (Rowe and Davis 1982; Merifield
and Sloan 2006; Giampa et al. 2016).
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FIGURE 2.3: Uplift capacity of plate anchors in sand. (a) Two force dis-
placement curves with different sand relative densities (Figure obtained from
Ilamparuthi et al. 2002). (b) Uplift co-efficient sKu (where s is the shape
factor and Ku ≈ 1 is the nominal uplift co-efficient) as a function of the
embedment ratio for different plate shapes, sand densities and friction angles
(Figure obtained from Meyerhof and Adams 1968).
Some studies investigated the influence of anchor shape on the uplift capacity. They introduced
empirical formulations in the form of shape factors (see equation 2.3) which can be included
while calculating the uplift capacity of a specific type of an anchor (Meyerhof and Adams
1968; Murray and Geddes 1987; Dickin 1988; Ghaly et al. 1991; Dyson and Rognon 2014;
Niroumand and Kassim 2013; Giampa et al. 2018). Furthermore, the extent of soil medium
mobilized at peak force was greater when rigid plate was used as compared to flexible plate;
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(a). Loose sand (b). Dense sand
FIGURE 2.4: Experimental evidence of sand mobilisation above a plate anchor
being uplifted. (a) Loose and (b) dense sand showing a column and truncated
cone failure envelop, respectively (Figures obtained from Liu et al. 2011).
(a) (b)
FIGURE 2.5: Effect of angle of internal friction φ on the uplift capacity of
anchors (a) Indicates the variation of breakout factor for different φ and (b)
Shows the influence of φ on the extent of mobilization of grains (Figures
obtained from Merifield and Sloan 2006).
rigid plates lead to a punching failure mechanisms while flexible plates lead to a progressive
failure. Also, it was found that F0 increased with the anchor thickness (Rahman et al. 1992).
However, the anchor’s roughness did not significantly influence the ultimate uplift capacity
(Evans and Zhang 2019).
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γN
BH
FIGURE 2.6: Effect of angle of internal friction φ on the breakout factor of
square and circular anchors and the critical embedment ratio. Figure shows
that φ influences both (H/B)cr and breakout factor Nγ (Figure obtained from
Das and Shukla 2013).
2.1.2 Small anchors
A small number of investigations reported that the size of the grains/particles may influence
the uplift capacity of anchors, in particular, when the size of the anchor is comparable to
the size of the soil grains B ∼ d. Both experimental and numerical investigations by Sakai
et al. 1998; Sakai and Tanaka 1998 indicated an increase in uplift capacity with the ratio
d/B as shown on figures 2.7a and b. Consistently, a study by Costantino et al. 2008 also
suggested that the increase in grain-size leads to an increase in the uplift force as indicated on
figure 2.7e. Furthermore, when investigating the uplift behavior of pipes, Stone and Newson
2006 reported similar observation when considering the ratio between pipe diameter and
particle sizes as shown on figure 2.7c. It was found that, for a given soil and grain-size, the
uplift capacity decreased with the increase in diameter of the pipe as indicated on figure 2.7d
(Dickin 1994). These studies point out that the breakout factors may be increased for small
anchor to grain size ratios B/d.
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(a) (c)
(d) (e)
(b)
FIGURE 2.7: Effect of ratio of grain to intruder size d/B on the uplift ca-
pacity of anchors/pipes. (a) and (b) Show the experimental and numerical
observations of increase in uplift capacity with increase in d/B (Figures ob-
tained from Sakai and Tanaka 1998). (c) Similar observation was noticed
while uplifting pipe of a considered diameter and different grain-sizes (Figure
obtained from Stone and Newson 2006). (d) Grain-size effect was noticed
while uplifting different sized pipes with all the pipes embedded in same soil
conditions (Figure obtained from Dickin 1994) and (e) Also shows similar
results (Figure obtained from Costantino et al. 2008).
2.1.3 Open Questions
The uplift capacity of plate anchors is relatively well understood when the anchor is much
larger than the grain size. However, there are a number of experimental studies showing some
influence of the grain size for small anchors. This effect is poorly understood and there is no
established model to predict the breakout factor for small anchors.
While in practice anchors are usually much larger than soil grains, laboratory experiments are
often conducted with small-size anchor of the order of 1− 10cm. One can expect that such
tests could include a grain-size effect on the measured breakout factors. If this was the case,
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upscaling these results to larger anchors without accounting for the grain size effects would
lead to overestimation of their uplift capacities.
This poses the two following questions:
• Can uplift capacity models based on small-scale tests be safely upscaled?
• Conversely, how small can laboratory tests be to represent full-scale anchors?
Chapter 3 will seek to address these questions.
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2.2 Drag-force during steady motion
This section presents key results on the drag force experienced by objects being moved
continuously, after the maximum drag is reached. Studies on drag force have considered three
directions of motion: horizontal, vertical downward (penetration) and vertical upward (uplift),
each of which will be discussed in the following subsections.
Gravity affects each of these scenarios differently considering not only the motion of the
intruder, but also the motion of surrounding grains. Once the intruder experiences the yield
force F0 (see figure 2.1d), it moves through the granular packing. To enable the motion of
intruder, the surrounding grains have to reorganise. The subsequent sections will discuss the
similarities and differences of the resultant drag force measured in different directions of
motion.
2.2.1 Horizontal drag
Ploughing tests consist of moving horizontally a plough that is partially immersed in a granular
packing. At low drag velocity v, especially when v ≤ √2gd/10, the drag force Fd has been
found to be independent of drag velocity (Albert et al. 1999; Albert et al. 2000; Gravish
et al. 2014). This regime is therefore called "quasi-static". It has been found that the drag
force increases monotonically with the diameter of the cylindrical plough dc and quadratically
with its embedment H (Albert et al. 1999). By varying the diameter of the intruder dc and
its embedment H , these studies evidenced an empirical scaling for the quasi-static drag as
follows:
Fd = ηρgdcH
2 (2.4)
where η is a dimensionless factor that depends on the characteristics of granular packing, the
shape of the object and its embedment; ρ [kg/m3] is the density of the granular packing, g
[m/s2] is acceleration due to gravity, dc [m] is the diameter of the cylindrical plough and H
[m] is the embedment depth from the ground level.
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(a) (b)
(c)
(d)
FIGURE 2.8: Ploughing in dry granular media. (a) Linear variation of drag
force with respect to solid fraction. (b) Increase in fluctuations amplitude
and period with the increase in solid fraction. (c) Surface evolution for two
different solid fractions and (d) Velocity fields for different densities of the
granular packings (Figures obtained from Gravish et al. 2010).
At low drag speeds, the drag force has been found to exhibit fluctuations, which are reminiscent
of a stick-slip dynamics (Albert et al. 1999; Albert et al. 2000). This was attributed to the
formation and destruction of jammed states. Also, these drag force fluctuations (see figure
2.8b) were attributed to the periodic formation of stable shear bands, especially in dense
granular materials (Gravish et al. 2010; Kobayakawa et al. 2018). Furthermore, a nearly
linear increase in drag force was observed with increasing solid fraction as shown on figure
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(a)
(b)
(c) (d)
FIGURE 2.9: Effect of solid fraction while dragging a discrete object. (a)
Effect of solid fraction on the fluctuations of the drag force (Direction of arrow
indicates the increasing order of solid fraction). (b) Average displacement
field as the intruder moves forward. (c) Effect of solid fraction on the wake
observed behind the intruder (Size of wake decreases with solid fraction) and
(d) Effect of cell width, for a considered packing fraction, on the formation
of cavity behind the intruder (Size of cavity decreases with decrease in cell
width) (Figures obtained from Kolb et al. 2013).
2.8a. Different mechanisms including compaction and dilation of granular medium were
noticed at low and high solid fractions, respectively (Gravish et al. 2010; Kobayakawa et al.
2018). Dilation induces heaving at high solid fractions (Figure 2.8c), and a mobilization of
a larger zone (Figure 2.8d). Percier et al. 2011 found that at high drag velocities, the drag
force exhibited a quadratic dependence on the drag velocity. This increase in drag force was
attributed to an increase in the ploughed mass with the drag velocity. Furthermore, the highest
dissipation was noticed near the bottom part of the plough at high speeds.
Some researchers also investigated the drag experienced by a buried discrete object pulled
horizontally through granular media. Albert et al. 2001 reported that the drag force increased
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quadratically with the object’s diameter and linearly with its depth, with some non-linear
variation at greater embedments. Also, they observed a weak dependence of the drag force on
the shape of the object. Fluctuations reminiscent of stick-slip were observed, and attributed
to the formation and collapse of force chains ahead of the dragged object (Tordesillas et al.
2014). The following drag force model was introduced to capture these results:
Fd = ηρgd
2
0H (2.5)
where η is a dimensionless factor that depends on the characteristics of the granular packing,
the shape of the object and its embedment and d0 [m] is the diameter of the object.
A small number of studies reported rate effects on the drag force Fd. Geng and Behringer
2005 showed that the drag force varies logarithmically with the drag velocity, and this was
attributed to the creeping behavior of grains used in their experiments. With non-creeping
grains, a linear dependence of drag force on the drag velocity was reported by Hilton and
Tordesillas 2013. In contrast, drag force showed quadratic dependence on the drag velocity
(Takehara et al. 2010; Takehara and Okumura 2014). The proposed scaling suggested that
the mass of mobilized granular matter in the form of a cluster, was proportional to the mass
of the intruder. Moreover, this dynamical drag force was found to increase with the increase
in solid fraction. Also, divergence in the drag force was noticed at the jamming point under
fixed volume conditions.
Kolb et al. 2013 highlighted the role of solid fraction. The drag force experienced by
the intruder increased with the solid fraction of the granular media. Moreover, the drag
force increased when the intruder approached towards the boundary of the container with
appreciable increase in the amplitude and period of the drag force fluctuations as indicated
on figure 2.9a; analogous to the findings of (Gravish et al. 2014; Kobayakawa et al. 2018).
Interestingly, at low solid fraction, a large gap was observed behind the intruder as it moved
forward; however the area of this gap decreased with the solid fraction as shown on figure
2.9c. Moreover, for a considered solid fraction the size of gap formed behind the intruder
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Granular drag
regime
Scaling Occurrence Source
Frictional Fd = ηSσn Low speed Albert et al.
1999; Albert
et al. 2000;
Kahng et al.
2001; Gravish
et al. 2010;
Albert et al.
2001; Chehata
et al. 2003
Inertial Fd = ηSσn + β1v2Sσn High speed Takehara et al.
2010; Potiguar
and Ding 2013;
Takehara and
Okumura 2014
Viscous Fd = ηSσn + β2v High nor-
mal stress
Hilton and
Tordesillas
2013
TABLE 2.1: Summary of the drag force models introduced to capture ex-
perimental and numerical results. v [m/s] velocity of the object, S [m2] is
the surface area of the object in the direction of drag, σn [N/m2] the normal
hydrostatic stress at the depth of embedment; η and β1,2 are parameters which
can depend on the nature of the granular packing, the shape of the object and
its embedment depth. These results were all obtained with plough or buried
objects dragged horizontally.
increased with cell width as indicated on figure 2.9d. The corresponding recirculation of
grains as the intruder moved forward is indicated on figure 2.9b.
As a summary, Table 2.1 indicates the scalings for drag force experienced by an intruder
dragged horizontally through the granular media at various speeds.
A horizontally dragged object experiences a lift force Fl in addition to the drag force (Ding
et al. 2011; Potiguar and Ding 2013). This is because, the object tends to move towards the
shallower depths where the normal stresses and drag force are smaller. Unlike the drag force,
the lift force was found to be sensitive to the cross-section of the intruder (Ding et al. 2011;
Potiguar and Ding 2013). Even though, drag force and lift force seem to be insensitive to
micro-friction of the granular media; contrastingly, they strongly depend on the macro-friction
of the granular media, i.e., the angle of internal friction φ of the granular system. However,
2.2 DRAG-FORCE DURING STEADY MOTION 23
(a) (b)
(c) (d)
FIGURE 2.10: Intruder penetration in granular media. (a) Variation of drag
force with depth (Figure obtained from Stone et al. 2004b). (b) Flow local-
ization around intruder (Figure obtained from Seguin et al. 2013). (c) Effect
of grain-size on the drag force (Figure obtained from Seguin et al. 2011) and
(d) Effect of grain-size on the characteristic length of velocity profile (Figure
obtained from Seguin et al. 2013).
changing the angle of dilation did not alter the drag force, but lift force increased with the
angle of dilation (Zhang et al. 2015).
2.2.2 Vertical penetration drag
Some studies investigated the drag force on a penetrating intruder embedded in granular media.
At low velocities, the drag force was found to be velocity independent. It was also reported
that the force increased as the intruder approached the bottom of the container as indicated on
figure 2.10a. This increase in force was interpreted as a result of jamming. The drag force
increases with the increasing penetration depth and is proportional to the pressure and the size
of the intruder (see figure 2.10a) (Stone et al. 2004a; Stone et al. 2004b; Seguin et al. 2011).
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Additionally, the surface characteristics of the boundary affect the jamming process (Stone
et al. 2004a; Stone et al. 2004b). Particle image velocimetry evidenced localized flow of
grains around the penetrating intruder, which decreases exponentially away from the intruder
(Figure 2.10b) (Seguin et al. 2011; Seguin et al. 2013). In contrast to the ultimate uplift force
F0, for a given intruder size, the drag force decreases with the increasing particle size as
indicated on figure 2.10c (Seguin et al. 2011). However, the dimensionless characteristic
lengths of velocity profiles increases with the grain-size as shown on figure 2.10d (Seguin
et al. 2013). Shear banding and various kinematics around the intruder have been observed,
highlighting different zones of relative movement (Hamm et al. 2011; Viswanathan et al.
2015; Murthy et al. 2012). Additionally, a stable triangular zone just beneath the penetrating
object having a flat edge has been highlighted (Viswanathan et al. 2015; Murthy et al. 2012).
López-Rodríguez and Pacheco-Vázquez 2017 showed that a penetrating object of fixed mass,
pushed at a quasi-static velocity, ceased to penetrate after certain depth which was referred to
as saturation depth. For a given packing density, this saturation depth was found to increase
with both the mass and size of the intruder. Surprisingly, the drag force at saturation showed a
cubic power dependence on the intruder diameter rather than square power. For a considered
intruder size and mass, though the drag force at saturation depth increased with solid fraction;
the saturation depth decreased.
Impact on dry granular materials has been widely explored and a selected key features are
discussed here. The acceleration and drag force experienced by the intruder depend on the
impact velocity. It was found that the acceleration of the intruder increased linearly with the
impact velocity. Besides, the different interaction phases of the intruder with the granular
packing including impact, penetration and collapse were highlighted as indicated in figure
2.11a (Ciamarra et al. 2004). In these phases the drag force showed different evolutions.
During initial impact and penertration phase, the drag force showed quadratic variation
with impact velocity (Fd ∝ v2). However, a nearly linear increase of drag force (Fd ∝ v)
was evidenced at greater depths, especially in the collapse phase where the frictional and
hydrostatic forces become important (Goldman and Umbanhowar 2008). Katsuragi and
Durian 2007; Katsuragi and Durian 2013 reported that the time required to stop decreases
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(a)
(b)
FIGURE 2.11: Intruder impact on granular media. (a) Different stages of
interaction between the intruder and granular media during impact (Figure
obtained from Ciamarra et al. 2004) and (b) Evolution of force chains at
different times after the impact suggesting acoustic pulses influences both
deceleration of the intruder and the drag force fluctuations (Figure obtained
from Clark et al. 2012).
with the impact velocity. Besides, the interaction between the intruder with the granular media
was decomposed as the sum of a velocity-dependent inertial and a depth-dependent frictional
components. Umbanhowar and Goldman 2010 further investigated the effect of solid fraction
during impact. Interestingly, the shape and size of craters created after impact depend upon the
solid fraction of the granular packing. Furthermore, the evidenced fluctuations in the intruder
acceleration after impact was attributed to the acoustic behaviour of granular materials as
indicated on figure 2.11b. Additionally, it was found that these acoustic pulses decayed
exponentially with distance from the intruder (Clark et al. 2012; Clark et al. 2014; Clark
et al. 2015). Also, a study by Kondic et al. 2012 highlighted the role of various parameters
including the intruder’s shape and size, the particle friction, elasticity, polydispersity and the
gravity. They evidenced that the penetration depth increased with increasing impact velocity,
particle stiffness, co-efficient of restitution and decrease in gravity. Additionally, it was found
that both static as well as kinetic friction influences the depth of penetration.
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(a) (b)
FIGURE 2.12: Grain-size effect on drag force while uplifting intruders. (a)
and (b) Indicate escalation in drag force with the grain-size for a considered
intruder length. In figure 2.12a, legend indicates different overburden pressures.
(Figures obtained from Zhou et al. 2004; Zhou et al. 2007 respectively).
(a) (b)
FIGURE 2.13: Drag force fluctuations while uplifting intruders. (a) and (b)
Indicate fluctuations in the drag force while uplifting intruders (Figure obtained
from Murray and Geddes 1987) and pipes (Figure obtained from Ansari et al.
2018). The arrow indicates the increasing embedment depth.
2.2.3 Vertical uplift drag
The drag force experienced by the intruder as it is pulled out of a granular bed, against the
action of gravity, has attracted limited attention. Nonetheless, some experiments probed this
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(a) (b)
(c)
FIGURE 2.14: Displacement field during pipe uplift. (a) Formation of cavity
underneath the pipe as the time progresses from the time of upliftment. Num-
bers indicate the increase in time; the size of the cavity increased as the pipe
gets uplifted. (b) and (c) Displacement fields at the peak force and after some
upward displacement of the pipe. (Figures obtained from Cheuk et al. 2008).
aspect using overburden pressure (Zhou et al. 2004; Zhou et al. 2007). Analogous to the
strong grain-size effect on the ultimate uplift capacity of anchors (Sakai et al. 1998; Sakai
and Tanaka 1998; Stone and Newson 2006; Dickin 1994; Costantino et al. 2008), Zhou et al.
2004 reported that the drag force is affected by the grain-size when the intruder is uplifted
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against gravity. Experimental results show that the drag force increases with the grain-size
(Zhou et al. 2004). The proposed explanation is that larger grains lead to larger volume of
grains to be reorganised for the motion of the intruder. Results from discrete element method
simulations showed a good qualitative agreement to the experimental results (Zhou et al.
2007). Additionally, it was found that increasing the solid fraction lead to a higher drag force
as previously reported.
While investigating the uplift behavior of anchors, strong fluctuations in the drag force were
observed after the peak force F0 is reached. These fluctuations were observed for plate
anchors (Murray and Geddes 1987; Liu et al. 2011) and pipes (Cheuk et al. 2008; Roy et al.
2018b; Roy et al. 2018a; Ansari et al. 2018) (see figure 2.13). Moreover, the magnitude
of these fluctuations can reach about 80% of the uplift capacity. Similar fluctuations were
reported using glass beads instead of sand (Costantino et al. 2008; Métayer et al. 2011; Duri
et al. 2017). The consensus is that, as the intruder (anchor/pipe) gets uplifted through the
granular material, a gap forms underneath the intruder (see figure 2.14a). As the displacement
increases, the grains surrounding the intruder flow around and underneath the intruder to fill
up the created gap as shown in figures 2.14b and c. These fluctuations are reminiscent to
those observed in the drag experiments (Albert et al. 1999; Gravish et al. 2010; Kolb et al.
2013; Tordesillas et al. 2014). However, there is no substantial evidence of micro-mechanics
underlying these fluctuations.
2.2.4 Open Questions
Drag forces on objects being moved at constant speed over large distances exhibit two well
identified regimes: (i) a rate independent regime with a "frictional-drag" and a (ii) rate-
dependent regime with a "turbulent-like" drag force increasing quadratically with the object
velocity. These regimes have been identified in plough and penetration tests. However, no
results are available to support the existence of such rate-dependent contribution in uplift
tests.
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Similar to turbulent drag, the rate-dependent drag contribution is understood to result from the
inertial displacement of a mass of grains around the object. This points out an important and
elementary mechanism controlling mobility in granular materials: moving an object means
moving inertial grains in the packing. Subsequently, one could expect that accelerating an
object would induce an acceleration of the surrounding inertial grains, which could translate
in an increased drag force. This assumption has not been assessed, and the following question
thus remains open:
• How are drag forces influenced by the acceleration of the object?
Chapter 5 will seek to address this question.
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2.3 Drag upon cyclic loadings
This section presents the limited existing knowledge regarding the mobility of large object
subjected to cyclic loadings in granular materials. It first summarises some important prop-
erties of granular materials under cyclic loading, especially when there are no intruders or
objects embedded within the granular medium. It then introduces some studies dealing with
(i) the mobility of objects in a granular packing being shaken and (ii) the mobility of objects
subjected to a cyclic loading, in an otherwise unshaken granular packing.
Generally, a cyclic load is characterized by two parameters namely: its amplitude and
frequency. In addition to highlighting the role of vibrations, this section also indicates the
significance of these parameters and how they are relevant to mobility in granular materials.
2.3.1 Vibrated granular systems
There are two well-known phenomenons which emerge in granular systems subjected to
vibrations, namely: "convection" and "segregation". This section highlights the role of di-
mensionless shaking strength S and acceleration Γ on the different patterns/rearrangements
witnessed in granular media upon shaking:
Γ =
b (2pif)2
g
(2.6)
where b [m] is the amplitude, f [1/s] is the frequency and g [m/s2] is acceleration due to
gravity; and:
S =
b2 (2pif)2
gd
(2.7)
where d [m] is the particle diameter
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FIGURE 2.15: Effect of vertically vibrating the granular system as a whole.
Figure identifies different convective patterns capturing the effect of vibrating
acceleration and frequency (Figure obtained from Zhang et al. 2014).
Convection is one of the mode of heat and mass transport, which commonly occurs in liquids
and gas. However, it can also take place in granular matertials subjected to vibrations (Gallas
et al. 1992; Luding et al. 1994). Particularly, the onset of convection occurs when the typical
acceleration Γ of the vibration is larger than the acceleration due to gravity g, especially when
vibrated vertically (Taguchi 1992; Knight et al. 1993; Aoki et al. 1996); however it can also
occur at lower acceleration when vibrated horizontally (Liffman et al. 1997).
For vertically vibrated granular materials, factors including acceleration Γ and the aspect ratio
affect the formation and number of convective rolls as indicated on figure 2.15 (Gallas et al.
1992; Aoki et al. 1996; Hsiau and Chen 2000; Zhang et al. 2014). In fact, both upward and
downward convective rolls were observed, evidencing the onset of upward convective rolls at
higher Γ as compared to the downward convective rolls (Aoki et al. 1996). Additionally, the
existence and direction of convective rolls were found to depend upon the wall inclinations
(Knight et al. 1993; Hsiau et al. 2002). The wall inclinations can affect the direction of the
convection roll and its strength- which decreased with the increase in the wall inclination with
respect to vertical. Furthermore, phase transitions, especially when the granular systems are
vertically vibrated have been identified as indicated in figure 2.16 (Eshuis et al. 2010; Rivas
et al. 2013).
Granular materials vibrated horizontally exhibits different convective roll patterns, including
their numbers and occurrence (Liffman et al. 1997). Medved et al. 1999 identified that
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(a) (b)
FIGURE 2.16: Phase transitions in vertically vibrated granular systems as a
whole. (a) and (b) indicate the phase transitions when the granular systems
are subjected to vertical vibrations. F and ωf indicates frequency, Af is the
amplitude and lx indicates the width of the the system.(Figures are obtained
from Eshuis et al. 2010; Rivas et al. 2013 respectively).
the boundary conditions (rough or smooth) have an impact on the number of formation of
convective rolls, evidencing four convective rolls in the rough wall containers as compared to
just two in smooth wall containers.
While observing these interesting convective patterns in granular media subjected to vibra-
tions; researchers also identified heap-like instabilities forming at the surface of granular bed
(Taguchi 1992; Aoki et al. 1996). For the particular case of one convective roll, the slope of
the granular surface depended upon Γ (see figure 2.15), evidencing a decrease in slope with
an increase in Γ and grain-size (Zhang et al. 2014). Furthermore, a bubbling effect of upward
motion of voids was evidenced during vertical shaking of sands which was attributed to the
presence of interstitial gas in the medium (Pak and Behringer 1994). Surface waves (Pak and
Behringer 1993) and subharmonic (Douady et al. 1989) instabilities were also observed.
Segregation is a common phenomenon observed when a packet of cereal is opened; where the
larger grains overlies the smaller grains. While convection is observed even in identical sized
grains; segregation generally takes place when there are different sized-grains.
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(a) (b) (c)
(d)
FIGURE 2.17: Convection induced segregation. (a) - (c) indicate downward
convective roll, resulting in the upward motion of a large particle; where
as (d) Indicates, upon changing the boundary condition, the direction of the
convective roll reversed as a result of which the bigger particle is found at the
bottom (Figures obtained from Knight et al. 1993).
Some studies have investigated vibration induced segregation and how convective rolls influ-
ence the segregation pattern. The migration of a large sized particle to be on the top or bottom
of the system, in a vibrated granular system is decided by the direction of convective rolls
(Knight et al. 1993; Hsiau et al. 2002). Figures 2.17a-c indicate that upon vertical vibration,
there is a downward convective roll as a result of which a large particle is found to rise towards
the top of the granular system; in contrast, figure 2.17d indicates that changing the boundary
conditions not only reverses the direction of convective roll but also drives a large particle
towards the bottom of the container (Knight et al. 1993). This upward rise of a large particle
is generally known as the Brazil-nut (BN) effect while the downward migration of a large
particle is called Reverse Brazil-nut (RBN) effect.
In addition to the size of the granular constituents, the density of the grains plays an important
role during the process of segregation (Liffman et al. 2001; Shinbrot and Muzzio 1998;
Bose and Rhodes 2007; Xu et al. 2017). Apart from convection and percolation theory, a
condensation-segregation model distinguished the states of BN and RBN as indicated on
figure 2.18a (Hong et al. 2001). Moreover, figure 2.18b also highlights the significance of Γ
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(a) (b)
FIGURE 2.18: Maps of different modes of segregation. (a) A condensation
theory distinguishing the BN and RBN effects (Figure obtained from Hong
et al. 2001) and (b) Effect of frequency and amplitude of vibration of the
different modes of segregation (Figure obtained from Xu et al. 2017).
(a) (b)
FIGURE 2.19: Intruder’s mobility upon shaking the granular system. (a) and
(b) Indicates mobile and immobile states of intruder with time t, z indicates
the vertical displacement and δx the horizontal displacement. (Figures are
obtained from Harich et al. 2011; Candelier and Dauchot 2009 respectively).
and freqency on the various seggregation patters. Further, it was shown that the interstitial
fluid played a role during the segregation (Möbius et al. 2001).
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2.3.2 Mobility of intruders in vibrated granular systems
Few studies have investigated the intruder dynamics as well as the behaviour of the granular
medium, when the granular system is vibrated (Candelier and Dauchot 2009; Harich et al.
2011; Seguin and Gondret 2017; Zheng et al. 2018). The trajectory of a large intruder is
monitored as it sinks through the medium under the influence of gravity. The observed
dynamics of the intruder was interesting as its motion through the granular system exhibited
intermittent flow and caged behaviour as indicated on figure 2.19a. Moreover, the intruder
sinking dynamics is interpreted as an increase in effective friction µe with the mean velocity
V of the intruder, rescaled by a Froude No. Fr. This study eventually highlighted non-local
behaviour (Harich et al. 2011).
µe =
pi
4
∆ρR
ρz
(2.8)
where pi
4
is a prefactor, µe is the effective friction and dimensionless, ρ [kg/m3] is the density
of the system, R [m] is the radius of the intruder, z [m] is the position of the intruder and ∆ρ
ρ
is the density contrast between the intruder and the granular packing.
Fr =
V√
P
ρ
=
V√
gz
(2.9)
where Fr is the dimensionless Froude No., V [m/s] is the mean descent velocity of the
intruder, P = ρgz [N/m2] is the hydrostatic pressure, g [m/s2] is the acceleration due to
gravity and z [m] is the position of the intruder.
Another study reported non-local behaviour, when the perturbations elsewhere resulted in
the motion of intruder loaded below its yield force, which was located at some distance
from the source of perturbations (Reddy et al. 2011). Furthermore, Candelier and Dauchot
2009 investigated mobility of intruder upon vibrating a monolayer of grains. It was found
that close to the jamming transition, the intruder exhibited an intermittent sharp increase
in the displacement (see figure 2.19b); which was found to be reminiscent of crackling
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(a) (b)
FIGURE 2.20: Dynamics of drag force upon shaking the granular system. (a)
Indicates the variation of drag force Fd with time t and horizontal distance
x; upon no vibrations - dashed line and vibrations - solid line and (b) Shows
the different regimes of drag force Fd evidenced upon vibrations; upon no
vibrations - filled symbols and vibrations - open symbols (Figures are obtained
from Seguin and Gondret 2017).
noise. This sharp increase in the displacement of intruder was attributed to local and sudden
rearrangements.
Seguin and Gondret 2017 reported a surprising variation of drag force when the granular
medium was under the influence of vibrations as indicated on figure 2.20a. With no vibrations,
the drag force experienced by the intruder exhibited large noticable fluctutaions (dashed
line on figure 2.20a); by contrast, these fluctuations diminished when the system was under
the influence of vibrations (solid continuous line on figure 2.20a). Additionally, though
the drag velocity imposed on the intruder was within the quasi-static limit; upon vibrating
the granular system, the drag force on an intruder was reported showing different regimes
as indicated by open symbols on figure 2.20b. However, the increased drag force did not
exceed the quasi-static force, and a hydrodynamic model that could capture the experimental
results was developed. Furthermore, investigations on mobility of large intruder loaded at a
constant speed below the yield force while cyclically shearing the granular system, showed
convective patterns of reorganisation analogous to fluid flow across a cylinder (Zheng et al.
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(a) (b)
FIGURE 2.21: Mobility of anchors in cohesive clays goverened by both
loading magnitude and frequency. (a) and (b) Indicate the vertical displacement
of anchor for different frequency (indicated in legend of respective figures) and
loading magnitudes of 0.45 and 0.6 respectively. It clearly demonstrates that
the displacement of the anchor increased with the increase in frequency and
loading magnitude for a considered amount of loading time (loading magnitude
being the ratio of peak cyclic load to static load)(Figures are obtained from
Singh and Ramaswamy 2008).
2018). Moreover, a sharp change in the displacement was attributed to the contact number
which was found to be maximum in a jammed state and minimum during the fragile state.
2.3.3 Response of intruders upon cyclic uplift loads
From the above sections it is clear that both amplitude and the frequency of vibration/shaking
influence the behavior of granular materials. In fact, there are limited studies probing the
response of anchors/intruders to cyclic uplift forces. Few studies have examined the effect of
these parameters on the uplift response of anchors in cohesive granular materials like clay.
Though, there is substantial literature on steady uplift of anchors; by contrast, there is no
profound understanding on the response of intruders to cyclic uplift force, particularly in
dense cohesionless granular media. The previous findings on this aspect are discussed below.
Force/loading magnitude is generally defined as the ratio of applied force to the peak force or
the ultimate uplift capacity of the anchor (Singh and Ramaswamy 2008; Evans and Zhang
2019).
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FIGURE 2.22: Accumulated displacement of anchors in cohesionless soils
upon cyclic loading. Three different loading magnitudes (0.4, 0.5 and 0.8) have
been imposed on the anchor without varying the frequency. Arrow indicates
increasing loading magnitude. (Figure is obtained from Schiavon et al. 2016).
The effect of cyclic force magnitude and frequency on the anchor’s mobility, in clays has been
explored (Ponniah and Finlay 1988; Singh and Ramaswamy 2008; Singh and Ramaswamy
2010). Ponniah and Finlay 1988 evidenced different mobility regimes including failure,
non-failure and creep depending upon the loading conditions. It was reported that for a
considered amount of loading time, the accumulated displacement of anchors increased with
an increase in frequency and loading magnitude as indicated on figures 2.21a and b (Singh
and Ramaswamy 2008). This can also be interpreted as follows: for a considered number of
cycles, the accumulated displacement of anchors increased with decrease in freqency and
increase in loading magnitude. Furthermore, the cyclic response of anchors embedded in
loose-saturated sand has been probed, exploring the effect of loading magnitude and porosity
(Bolt and Dembicki 1995).
Schiavon et al. 2016 highlighted the influence of force magnitude while investigating the
cyclic uplift response of helical anchors in dry sand. It was found that for a specific number
of cycles, an increase in force magnitude resulted in an increase in accumulated displacement.
Based on the final accumulated displacement after certain number of cycles, Schiavon et al.
2.3 DRAG UPON CYCLIC LOADINGS 39
(a) (b)
FIGURE 2.23: Displacement fields upon quasi-static cyclic loading. (a) and
(b) indicate the displacement fields after 3 cycling perturbations and after few
hundreds of cyclic perturbations respectively (Figures are obtained from Kolb
et al. 2004).
2016 evidenced two regimes namely: stable (Tests 1 and 2) and meta-stable (Test 3) states as
indicated on figure 2.22. Stable and unstable state refers to a condition when the accumulated
displacement is less or greater than 0.1D after 1000 cycles respectively (D is the diameter
of the helix). On the other hand meta-stable state refers to a situation when accumulated
displacement is about 0.1D between 100− 1000 cycles.
The behavior of plate anchor to irregular cyclic load was investigated by Chow et al. 2015.
Besides, observing densification of granular bed at low loading magnitude, Chow et al.
2015 developed a model to explain the observed increase in the stiffness of granular media.
Moreover, a DEM-based study highlighted the role of force magnitude evidencing failures
when the force magnitude was greater than 1; whereas stabilization was reported for lower
values (Evans and Zhang 2019).
A study at grain-level by Kolb et al. 2004; Kolb et al. 2006, investigated the response of gran-
ular media when a grain-sized intruder was subjected to uplift cyclic load. Besides identifying
different zones of different displacement fields around the source of local perturbation (see
figure 2.23a), Kolb et al. 2004 also discovered that even a very small displacement-controlled
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cyclic load was sufficient to induce an irreversible rearrangement of granular packing (see
figure 2.23b).
2.3.4 Characterizing granular flows using mean square displacement
The mean square displacement (MSD) has proven useful to characterise the trajectory of
grains within granular packing undergoing deformation (Campbell 1997; Utter and Behringer
2004; Kharel and Rognon 2017; Kou et al. 2017). The mean square displacement of n grains
is defined as follows:
〈4〉(τ) = 1
n
n∑
i=1
(yi(tn + τ)− yi(tn))2 (2.10)
where yi(tn) and yi(tn + τ) indicates the x or y coordinate of the grain i at a reference time
tn and after a time interval τ .
Often, the MSD evolves with τ as a power law α and the value of α is generally used to
describe the type of flow.
〈4〉(τ) ∝ τα (2.11)
The value of the coefficeint α reflects a particular trajectory, refereed to as:
• Sub-diffusive - α < 1
• Diffusive - α = 1 and
• Super-diffusive - α > 1
The mean square displacement analyses has been used to understand the granular flows
while shearing (Campbell 1997; Utter and Behringer 2004; Kharel and Rognon 2017), cyclic
shearing (Pouliquen et al. 2003; Panaitescu and Kudrolli 2010), in-silo flows (Choi et al. 2004)
and even to understand the motion of grains under the influence of vibrations (Coulais et al.
2014). However, mean square displacement has not yet been used to analyze the granular
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flow in the vicinity of large moving intruders in granular media. This tool will be used in
Chapter 4 to analyse the trajectory of intruders subjected to cyclic loading.
2.3.5 Open Questions
This section highlights the general lack of knowledge regarding the mobility of objects
subjected to cyclic uplift loads. In particular, the following questions are largely unexplored:
• What is the effect of loading frequency and loading magnitude on the onset of motion
of an object subjected to a cyclic force?
• Can there be a creep regime in cohesionless grains, similar to that observed with
cohesive clays?
Chapter 4 will seek to address these questions.
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2.4 Simulation technique
There are several numerical techniques which have been used to investigate the uplift behavior
of anchors/intruders. These methods include limit analysis, finite element and finite difference
methods. These methods treat the discrete nature of soils as continuum, and do not provide
information on the movement of individual grains. Additionally, it is challenging to investigate
large deformation problems involving cyclic loads and rate effects using these methods. In
such cases discrete element method can be more effective as it takes into account the discrete
nature of soils. The ability of DEM to simulate the behaviour of granular soil is duscussed in
(O’Sullivan 2011).
Throughout this study the in-house discrete element code developed in C++, by Dr Pierre
Rognon has been used to carry out numerical experiments to probe the uplift behavior of
intruders. In this method, each and every grain in a granular packing is modeled and charac-
terized by Young’s modulus, coefficient of restitution and a friction coefficient. Moreover,
the grains are generally spherical (3D) and circular discs (2D) in shape so as to overcome
the various computational challenges. These grains in the system interact via inelastic and
frictional contacts; and their motion is governed by Newton’s laws of motion. Moreover, the
laws of motion are solved at a specified sufficiently small times. Thereby, one can notice
the changes in the granular system at anytime by tracking the grains. Further details on this
numerical scheme and contact laws can be found in (Rognon et al. 2010; Rognon et al. 2015).
The Discrete Element Method has proven effective in capturing the behavior of cohesionless
granular materials. However, it has not been formally validated in the context of uplift tests.
Chapter 3 presents such a validation.
CHAPTER 3
Grain-size effect on uplift capacity of plate anchors in coarse granular
soils
Existing continuum models are well capable of predicting the uplift capacities of large anchors,
where B  d. However, the validity of these models in predicting the uplift capacities of
small anchors has not been fully demonstrated. Moreover, several seminal reports evidenced
- for a considered grain-size and embedment depth, the ultimate uplift capacity F0 of the
anchors and pipes increased with the size of the anchors/pipes. However, the breakout factor
Nγ decreased with the increase in size of the intruder (anchor/pipe) (Dickin 1994; Sakai et al.
1998; Sakai and Tanaka 1998; Stone and Newson 2006; Costantino et al. 2008). Though
Costantino et al. 2008, attributed this increase in uplift capacity to the local dilation; and
the thin failure zone should be proportional to both the grain-size and the plate size; the
underlying micro-mechanics remained obscure.
For practical anchoring purposes, there are anchor sizes starting from B = 2cm. So it
becomes very crucial to understand the uplift behavior of such small anchors. Particularly,
the laboratory experiments are conducted at smaller scales; meaning to say that the size of the
intruder tested will be comparable to the size of grains of the granular system B ∼ d. For
instance, when we think of changing the embedment of an anchor of size B = 10cm from
fine sand to gravels, the ratio d/B (d - mean effective size of grains) significantly increases. In
such cases, it becomes really important to take the associated scale effects into account, if any.
Otherwise, up-scaling the uplift capacities of laboratory tested small anchors to the problems
involving large anchors may result in unsafe predictions of uplift capacities. Moreover, the
existing model developed from continuum theories do not account for the extra contribution
arising from the grain-size effect.
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Consequently, in this chapter - a published paper highlights the grain-size effect evidenced
while steady upliftment of strip anchors. Further, a developed model captured and quantified
the grain-size effect satisfactorily; both numerical results of present study and experimental
results obtained from Sakai and Tanaka 1998. Furthermore, the explored micro-mechanical
features explain the possible reasons for the underlying mechanisms that are responsible for
the evidenced grain-size effect.
The following paper was published in Géotechnique Letters and I was the primary researcher
and author, being supervised by Dr Pierre Rognon. Dr Prashidha Kharel helped me in
developing post-processing codes and Prof David Airey provided valuable suggestions towards
completing the paper.
Citation: Athani, S., Kharel, P., Airey, D., & Rognon, P. (2017). Grain-size effect on uplift
capacity of plate anchors in coarse granular soils. Géotechnique Letters, 7(2), 167-173.
Grain-size effect on uplift capacity of plate anchors
in coarse granular soils
S. ATHANI*, P. KHAREL*, D. AIREY* and P. ROGNON*
This letter investigates the uplift capacity of plate anchors in granular soils. Simulations based on
a discrete-element method are used to measure the uplift capacity of anchors of differing widths
to embedment B/H and width to grain-size B/d ratios. Results confirm that the uplift capacity of
anchors with a large B/d ratio is well described by existing models developed from continuum
mechanics, with no grain-size effect. In contrast, results reveal a strong deviation from these models
for anchors with relatively small B/d ratios. A semi-empirical model is introduced that captures this
strong grain-size effect. This model is further supported by a micro-mechanical analysis, indicating
that anchor uplift capacities are not only governed by a frustum mechanism predicted by continuum
mechanics but also involve the mobilisation of grains surrounding this frustum. These results and
model are particularly important to rationalise uplift capacities measured in small-scale experiments,
typically involving small B/d ratios, and to safely upscale them to larger anchor size relevant to field
applications.
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NOTATION
B width of an anchor (m)
bs, bc empirical parameters reflecting grain-size contribution
for strip and circular anchors, respectively
d mean diameter of the granular particles (m)
E Young’s modulus of grains (N/m2)
er Grain-to-grain coefficient of restitution
F0 ultimate uplift capacity (per unit length for
strip anchors) (N)
Fbottom force on the bottom face of an anchor (per unit length for
strip anchors) (N)
Ftop force on the top face of an anchor (per unit length for
strip anchors) (N)
g gravity acceleration (m/s2)
H embedment depth from the free surface of the
granular bed (m)
Nγ breakout factor
v uplift velocity (m/s)
γ unit weight of the soil (N/m3)
δy vertical displacement (m)
μ grain-to-grain coefficient of friction
ϕ angle of internal friction (deg)
INTRODUCTION
Plate anchors are commonly used to stabilise utility poles,
transmission towers and offshore infrastructures (Merifield
& Sloan, 2006; Kumar & Kouzer, 2008; Das & Shukla,
2013). In frictional soils like dense sands, their vertical uplift
capacity F0 is well predicted by models based on continuum
mechanics (Meyerhof & Adams, 1968; Rowe & Davis, 1982;
Murray & Geddes, 1987), which can be expressed in the
following generic form
Nγ ;
F0
γSH
¼ 1þ f H
B
 
; ð1Þ
whereNγ is a breakout factor, γ is the soil unit weight, S is the
anchor surface area, B is the typical anchor width and H is
its embedment (Fig. 1). Several expressions of the function f
were established to capture the measured uplift capacity of
anchors of different shapes, including strip, square, rec-
tangular, circular and fractal geometries (Meyerhof &
Adams, 1968; Murray & Geddes, 1987; Dyson & Rognon,
2014), embedded in soils of differing internal friction angle
ϕ. Most of these studies, however, consider large ratios of
anchor-to-soil grain size, B/d, reflecting applications where
large anchors are placed in fine sandy soils. Then, the size of
the soil particles is thought to have no effect on the anchor
uplift capacity.
In some applications, however, anchors are embedded in
coarse granular soils such as gravels, cobbles, ballast and
fragmented rocks, leading to smaller ratios B/d. Interestingly,
with small ratios of B/d, studies of bearing capacities of
foundation footing have detected some noticeable grain-size
effects (Tatsuoka et al., 1997; Cerato & Lutenegger, 2007).
Similarly, some results suggest that uplift capacities of plate
anchors would increasewith the grain size for relatively small
B/d (Sakai & Tanaka, 1998; Sakai et al., 1998; Hsu &
Chang, 2007; Costantino et al., 2008).
Relatively small B/d ratios are also found in most
experimental set-ups dedicated to measuring uplift
capacities of anchors in sandy soils. In centrifuge tests or
1g-chamber tests, the tested anchor size B is usually between
15 and 50 mm (Merifield & Sloan, 2006; Garnier et al.,
2007; Chow et al., 2015; Bradshaw et al., 2016; Schiavon
et al., 2016), with grain-size d50 of few hundredths microns.
This leads to B/d ranging from a few dozens to a few
hundreds. In practice, these results are commonly used to
determine the function f in equation (1), which is then
*School of Civil Engineering, The University of Sydney, Sydney,
2006 NSW, Australia.
Manuscript received 10 January 2017; first decision 28 March
2017; accepted 29 March 2017.
Athani, S. et al. (2017) Géotechnique Letters 7, 1–7, http://dx.doi.org/10.1680/jgele.17.00002
1
Downloaded by [ University of Sydney] on [24/04/17]. Published with permission by the ICE under the CC-BY license 
directly upscaled to design anchors up to a few metres wide
in sand. However, such full-scale anchors are characterised
by much larger B/d ratios of the order of 104. There is thus a
risk that the uplift capacities measured in the laboratory
could include a grain-size contribution which does not exist
in real applications. Failure to account for this grain-size
contribution when upscaling could therefore lead to an
overestimation of the full size anchor uplift capacity, and to
unsafe designs. However, grain-size effects are yet to be fully
quantified. Specifically, there is no established model such as
equation (1) that would account for a grain-size contribution
and allows for a safer upscaling of plate anchor uplift
capacity.
The purpose of this letter is to identify and rationalise the
grain-size effect on the uplift capacity of plate anchors. In
this aim, the uplift capacities of anchors of differing
embedment ratios H/B and width ratios B/d are measured
using a discrete-element method (DEM). These data will
then serve as a benchmark to identify how a model such as
equation (1) could be extended to capture grain-size effects
and to identify the micro-mechanisms governing these
effects.
MEASURING UPLIFT CAPACITY USING DEM
The uplift of strip anchors is simulated using a DEM in a
two-dimensional periodic system, as illustrated in Fig. 1. The
dimension of the test chamber is 8B in the x-direction, and
the anchors are placed at a distance 2B from the bottom. The
authors systematically checked that further increasing the
width of the chamber, or the distance to the bottom, does
not affect the uplift capacities.
The granular material under consideration is comprised of
several thousand disks of mean diameter d≡ d50 and massm.
A polydispersity of d±30% is introduced to avoid grain
crystallisation. Grains interact with their neighbours by way
of inelastic and frictional contacts characterised by Young’s
modulus E=1000(mg/d2), coefficient of restitution er = 0·5
and coefficient of friction μ=0·5. Grains are initially placed
loosely without contact. They then settle under the action of
gravity g, until the total kinetic energy of the system becomes
negligible. This creates a homogeneous and densely packed
configuration (solid fraction of 0.8). The critical state
internal friction angle of such configurations was measured
using a plane shear test and found to be approximately
ϕ≈ 15·5°, which is typical of two-dimensional packings of
frictional disks (da Cruz et al., 2005; Voivret et al., 2009).
Anchors of width B and thickness 2d are defined in these
dense configurations by selecting grains at a desired location,
as shown in Fig. 1. This method ensures that the anchor
placement does not disturb the microstructure of the
material. The anchor grains are then moved according to a
prescribed uplift velocity selected to be v ¼ 01 ffiffiffiffiffigdp . Slower
velocities were also tested, with no noticeable effect on the
uplift capacities. Individual grain motions are integrated
over small time step dt using a predictor–corrector numerical
scheme. More details about the numerical scheme and the
contact law can be found in Rognon et al. (2015).
Figure 2(a) shows the variation of the total force F per unit
length experienced by an anchor (excluding its weight) as a
function of its vertical displacement δy, relative to its initial
position. The anchor width is B=10d, and results with
different embedment ratios are shown. They indicate a sharp
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Fig. 1. Simulated system: strip anchor (black grains) embedded
in a granular material (white grains). The system is periodic in the
x-direction, and there is a layer of fixed grains at y=0
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Fig. 2. Simulated uplift forces for strip anchors. (a) Force–displacement during the pullout for a strip anchor of width 10d and different
embedments – δy represents the vertical displacement of the anchor, and F represents the total force it experiences. (b) Uplift
capacities F0 for different anchor sizes and different embedment ratios
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increase in force for small displacements followed by a slow
decrease in force, which is consistent with existing anchor
force–displacement measurements (Rowe & Davis, 1982;
Dickin, 1988). The anchor uplift capacity F0 is defined as the
maximum of F (δy) for each test. The fluctuations in forces
observed in Fig. 2(a) result from the rearrangements of
grains induced by the anchor motion. Each test was repeated
ten times with different realisation of the initial packings
to obtain the corresponding average uplift capacity F.
Figure 2(b) shows the uplift capacities F0 thus obtained for
anchors of differing widths in the range 3≤B/d≤ 30 and
different embedment ratios in the range 1≤H/B≤ 8 (For
instance, in gravels of size d≈ 10 mm, an embedment ratio
H/B=3 and a width ratio B/d=30 correspond to an anchor
of width B=300 mm at a depth H=900 mm; in cobbles,
ballast or fragmented rocks of grain-size d≈ 100 mm, an
embedment ratio H/B=1 and a width ratio B/d=5 corre-
spond to an anchor of width B=500 mm at a depth
H=500 mm.). These results indicate that both ratios
strongly influence the uplift capacity.
Figure 3 highlights the effect of the grain-size d on the
breakout factor Nγ, as defined by equation (1). It shows that,
for a given embedment ratio, two anchors of different width
ratios may present significantly different breakout factors.
Breakout factors of the smallest anchors (B=3d ) are 75%
larger than those of the largest tested anchors (B=30d ).
MODELLING GRAIN-SIZE EFFECT ON UPLIFT
CAPACITY OF STRIP ANCHORS
The breakout factor of strip anchor in a Mohr–Coulomb
soil is usually modelled by equation (1) using a function
fs≈ tan ϕ(H/B) (Meyerhof & Adams, 1968; Murray &
Geddes, 1987). This leads to the following breakout formula:
Nsγ ¼ 1þ tan ϕ
H
B
; ð2Þ
which does not include any grain-size contribution. Data
shown in Fig. 3 indicate that the breakout factor increases
almost linearly with d/B, for every embedment ratio H/B.
Accordingly, the authors introduce the following extension
of the model in equation (2) to account for the grain size
Nstripγ ¼ NsγðH=BÞ þ bs
d
B
: ð3Þ
where bs is an empirical parameter reflecting the grain-size
contribution. Figure 4 compares the measured breakout
factors with the two models in equations (2) and (3) using
ϕ=15·5° and bs as a free parameter. It appears that the
predicted breakout factors ignoring the grain-size effect
consistently underestimate the actual breakout factor. In
contrast, it is found that the proposed model (3) captures
all the measured breakout factors using a single value of
bs = 4·5.
Interestingly, Fig. 4 also reveals that the breakout factors
tend to plateau for large embedment ratios H/B. In the
context of large anchors, this effect is known and corre-
sponds to a transition between ‘shallow’ anchors, for
which equation (2) is valid, and ‘deep’ anchors characterised
by a constant breakout factor. For strip anchors, this
transition occurs for embedment ratios larger than 2·5
(Meyerhof & Adams, 1968). Results shown in Fig. 4 suggest
that this transition occurs for larger embedment ratios,
up to 5, for anchors with smaller B/d ratios. This indicates
that the grain size not only affects the behaviour of shallow
anchors but also affects the transition towards deep
anchor conditions and the corresponding ultimate breakout
factor.
MODELLING GRAIN-SIZE EFFECT ON UPLIFT
CAPACITY OF CIRCULAR ANCHORS
The breakout factor of shallow circular anchor differs from
that of strip anchors due to their difference in shape.
It is usually modelled by a function f c = (1/3)[(1 + 2tan ϕ
(H/d ))2 + 2tan ϕ(H/d )− 1], leading to the following
expression for the breakout factor (Meyerhof & Adams,
1968; Dyson & Rognon, 2014)
Ncγ ¼
1
3
1þ 2 tan ϕH
d
 2
þ 2 tan ϕH
d
þ 2
" #
; ð4Þ
which does not involve any grain-size effect. Following the
modelling approach developed for strip anchors in
equation (3), the authors propose to model the grain-size
effect on circular anchors breakout factors by adding a term
proportional to d/B:
Ncircularγ ¼ Ncγ ðH=BÞ þ bc
d
B
: ð5Þ
The uplift capacity of circular anchors in dense sand has
been experimentally measured by Sakai & Tanaka (1998)
and Sakai et al. (1998), covering a range of embedment ratio
1≤H/B≤ 3 and anchor width ratio 7·10−4≤ d/B≤ 5·10−3
provides an opportunity to assess the proposed model.
Figure 5 compares these results to the prediction of
equations (4) and (5), using ϕ=35° and bc as a free
parameter. It appears that, for each embedment ratio, the
breakout factor increases approximately linearly with d/B,
confirming the validity of the proposed model in
equation (5). Furthermore, it is found that all measured
breakout factors for different H/B and d/B ratios are
captured by using a single value of bc≈ 240.
MICRO-MECHANISMS LEADING TO GRAIN-SIZE
EFFECT
The continuum models in equations (2) and (4) are based on
a simple ‘frustum’ mechanism: they both consider that the
upward anchor motion mobilises a frustum of soil located
above it and equate the anchor uplift capacity to the weight
of this frustum. Frustums are delineated by failure planes
originating from the anchor edges, and propagating upward
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Fig. 3. Simulated breakout factor Nγ for strip anchors of differing
width and embedment ratios. The error bars denote the standard
deviation of the measured breakout factor considering ten tests
(see text)
Grain-size effect on uplift capacity of plate anchors in coarse granular soils 3
Downloaded by [ University of Sydney] on [24/04/17]. Published with permission by the ICE under the CC-BY license 
with an inclination ϕ relative to the vertical (different
inclinations are sometimes considered to match the exper-
imental data). According to this picture, the frustum is a
truncated pyramid for a strip anchor and a truncated cone
for a circular anchor.
This mechanism, however, is independent of the grain size.
This section now focuses on analysing micro-structural
information available from DEM simulations to identify
(a) whether such frustum can be observed and (b) what other
micro-mechanisms could lead to a grain-size contribution.
In this aim, Figs 6 and 7 compare the internal grain
displacement and force distribution for two strip anchors of
similar embedment H/B=1 but different width ratios,
B/d=10 and 30.
Figures 6(a) and 7(a) represent all the contact forces
between grains in the initial configurations, before the
anchor is moved. On these figures, each contact between
two grains is represented by a red line joining the two grain
centres. Line widths are proportional to the magnitude of the
normal contact forces, which are purely compressive as there
is no adhesive force between grains. The figures evidence the
expected increase in contact compression with depth,
reflecting the increase in normal stresses due to gravity.
Furthermore, this representation highlights a large distri-
bution of contact compressive forces. The contact network
exhibits chains of highly compressed grains while other
contacts are much less compressed, which is typical of
granular packings (Radjai et al., 1998; Majmudar &
Behringer, 2005).
Figures 6(a) and 7(a) also show that before the anchor is
moved, it is subjected to compressive forces on both its top
and bottom surfaces. The anchor is thus subjected to a total
vertical force Ftop due to compressive contacts acting on the
top, which pushes it down and resists its upward motion. It is
simultaneously subjected to a total vertical force Fbottom due
to compressive contacts acting on its bottom pushing it up.
At equilibrium, these two forces balance the anchor weight.
Figures 6(b) and 7(b) show the evolution of the two
forces Ftop and Fbottom, and of the total pullout force
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Fig. 4. Simulated breakout factor for strip anchors of differing width and embedment ratios (cross markers) compared to the
predictions of the model in equation (2) which does not include a grain-size contribution (black line with diamond markers), and to the
prediction of the model in equation (3) including some grain-size contribution (blue line without marker). (a) B=5d, (b) B=7d,
(c) B=10d, (d) B=15d, (e) B=20d and (f) B=30d. Predictions of equations (2) and (3) are obtained using ϕ=15·5° and bs = 4·5
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Fig. 5. Breakout factors for circular anchors in sand for different
embedment and width ratios: experimental data from Sakai &
Tanaka (1998) and Sakai et al. (1998) (markers), prediction of
continuum-based model in equation (4) using ϕ=35° (dashed
line) and prediction of the proposed model in equation (5),
including a grain-size contribution (continuous line)
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F=Ftop−Fbottom while the anchor is moving upward. In
both cases, the compressive force at the top first increases
while the compressive force at the bottom decreases. This
leads to a sharp increase in total force. Once Fbottom reaches
zero, denoting a complete disconnection between the bottom
of the anchor and the grains, Ftop starts decreasing leading to
a decrease in the total force. As a consequence, the failure is
found to coincide with the disconnection of the bottom part
of the anchor from the grains. At failure, the pullout force is
thus entirely driven by the weight of the grains located above
the anchor, which is qualitatively consistent with the frustum
mechanism.
Figures 6(c) and 7(c) illustrate the mode of force
transmission near the anchor at failure by showing the
contact network. On these figures, the orange lines represent
contacts. Their width is proportional to the magnitude of
the contact force minus the typical average contact force
at the contact position yc, γd
2(H− yc). This highlights the
existence of highly compressed contact chains across
the depth. These figures also represent the grains within
the theoretical frustum. Thus, they show that long chains of
highly compressed contacts develop not only vertically
above the anchor within the frustum but also sideways,
originating from the anchor edge and crossing the frustum
boundary.
Figures 6(d) and 7(d) show the effect of these force chains
on the grain displacements at failure. It appears that grains
located within the frustum are mostly moving upward along
with the anchor, which is consistent with the frustum
mechanism. However, grains surrounding the frustum also
appear to be mobilised. This mobilisation of the grains
within a skirt around the frustum, which can be attributed to
some shear stress at the frustum interface, is not accounted
for by the frustum mechanism and is expected to lead to an
additional contribution to the anchor uplift capacity.
Accounting for the weight of a skirt of width bd in the
pullout capacity would lead to add a breakout factor
contribution proportional to bd/B, which is consistent with
the measurements and proposed models equations (3)
and (5). This suggests that the grain-size effect originates
from this skirt mechanism. Considering that the weight of
the skirt is proportional to the frustum surface area and thus
to the anchor size B, while the frustum weight is
proportional to its volume and to B2 supports the obser-
vation that grains size effects are large for small anchors, but
becomes negligible for large anchors.
To date, there is no established model to quantitatively
predict the width of the skirt as a function of the soil internal
friction angle and/or other parameters. As a result, the
parameters bs,c cannot be predicted for a particular type
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Fig. 6. Microstructure evolution during the anchor uplift for an anchor with an embedment ratio H/B=1 and a width ratio B/d=30.
(a) Contact network before anchor motion (see text). (b) Total force F, force on the top face Ftop and force on the bottom face Fbottom of
the anchor during uplift, as a function of the anchor vertical displacement δy. (c) Contact network at failure (see text). (d) Displacement
field of individual grains; each line connects the initial position (blue) of a grain to its position when failure occurs (red). In (c) and (d), the
black lines represent the frustum boundary, with an inclination of 15·5° from vertical. Note that (a), (c), (d) only represent a small part of
the simulated test chamber
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of soil. Nonetheless, they can be back-analysed by fitting
model (3) or (5) to experimental uplift measurements.
CONCLUSION
The results presented in this letter indicate that the uplift
capacity of anchors in granular soils depends on both the
macroscopic strength parameters, such as internal friction
angle, and the anchor to grains size ratio. Both DEM results
and experimental results from Sakai & Tanaka (1998) and
Sakai et al. (1998) suggest that the grain-size contribution on
the anchor breakout factor is linearly increasing with the
ratio d/B. Formulae (3) and (5) were introduced accordingly
to capture this effect.
These results and models can be used to predict the
pullout capacity of relatively small anchors in coarse gravels,
pebbles and ballast, where the ratio B/d is small and the
grain-size contribution is significant. They also confirm that
the grain-size contribution is negligible for large anchors in
sandy soils, characterised by large B/d ratios. In contrast,
they indicate that grain-size effect can significantly contrib-
ute to the pullout capacity measured in small-scale labora-
tory testing, where anchors size are often limited to few
centimetres.
This points out a significant risk of unsafe design when
upscaling small-scale laboratory measurements to meter-size
anchors used in practice. If the upscaling is performed using
a formula such as equation (1) ignoring the grain-size effect,
it could possibly significantly overestimate the pullout
capacity of the full-scale anchor. The proposed model (5)
can readily be used to estimate the magnitude of the
grain-size effect in laboratory experiments and to safely
upscale these small-scale measurements allowing for the
grain-size contribution.
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CHAPTER 4
Mobility in granular materials upon cyclic loading
The previous chapter focused on the ultimate uplift capacity of intruders subjected to quasi-
static upliftment; and the evidenced grain-size effect was very well captured by the developed
model and indicated the key micro-mechanics. Thereby, it verified our numerical method
and the quasi-static uplift capacity F0 of plate intruders was benchmarked which will be used
in this chapter to define loading magnitude. This chapter explores wide range of loading
magnitude and frequency to develop a profound understanding on the uplift response of
intruders to cyclic loadings.
Few researchers have investigated the behavior of anchors to cyclic uplift loads. This particular
aspect has been probed by embedding the anchor in saturated sands, dense cohesionless sands
as well as in cohesive clays. Especially in clays, it was reported that both the frequency
and loading magnitude governed the mobility of anchors (Singh and Ramaswamy 2008).
Moreover, different mobility regimes like- failure, non-failure and creep were identified in
cohesive clays (Ponniah and Finlay 1988). Even in sands, researchers highlighted the effect
of loading magnitude on the mobility of anchors (Schiavon et al. 2016; Evans and Zhang
2019). However, there is no clear evidence of different mobility regimes, particularly in
cohesionless granular packing. Consequently, there is no model which can actually distinguish
the evidenced different mobility regimes depending upon the factors - loading magnitudes and
frequency. Additionally, it is crucial to understand the granular flow/rearrangement around
the source of local perturbation during different mobility regimes.
In the following published paper, by exploring the wide range of loading magnitudeR = Fext
F0
(it compares the externally applied load to the benchmarked F0, drawn from the previous
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chapter) and frequency F = f√
g/d
(it compares the applied frequency with the time re-
quired for a free fall of a grain over a distance d), we evidenced different mobility patterns.
Consequently, in order to characterize these different mobility regimes, the mean square
displacement (MSD) of all the grains in the vicinity of the intruder was computed. Based on
the power-law recovered from MSD analysis, we identified the mobility regimes as failure,
creep and non-failure. Further, we developed a model based on concept of inertial granular
drag including the time required for a free fall of a grain, which satisfactorily distinguished
the failure and the non-failure zones, capturing the effect of loading magnitude and frequency.
Additionally, the evolution of displacement fields evidenced during different mobility regimes
are reported. Furthermore, the developed model captured the specific frequencies at which
unexpected failures were witnessed even for low loading magnitudes R ≈ 0.75, and was
attributed to elasto-inertial resonance effect.
The following paper was published in Granular Matter and I was the primary researcher and
author, being supervised by Dr Pierre Rognon.
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Abstract
We investigate the ability to move of large objects—referred to as intruders—embedded in a granular material and subjected
to cyclic loadings. A discrete element method is used to simulate the dynamics response of intruders subjected to a vertical
uplift cyclic force, exploring a wide range of loading magnitudes and frequencies. The analysis of the intruder and grains
displacements over many cycles reveals three mobility regimes. In the first two regimes, called confined and failure the
intruder either do not significantly move or consistently moves upward after each cycles. We introduce a physically based
model considering an inertial drag force to rationalise the existence of these regimes depending on the loading frequency
and magnitude. We further evidence a third intermediate regime of creep, where intruder trajectories exhibit long periods of
confinement punctuated by shorter periods of sustained uplift motion. Finally, we observe unexpected failures at low loading
magnitudes and specific frequencies, which we attribute to a process of elasto-inertial resonance. These results highlight the
important differences in the mobility of intruders upon constant and cyclic loadings.
Keywords Granular drag · Cyclic loading · Anchors · Creep · Mobility · Resonance
1 Introduction
Granular materials can deform like a solid or flow like a liq-
uid depending on the level of stress they are subjected to [1].
This property enables intruders to move through a packing
of grains provided that the driving force exceeds the resis-
tance of the packing. This is key to the locomotion of sand
burrowing animals and robots [2,3]. It also underlines the
ability of tree roots [4,5] and geotechnical soil anchors to
stabilise trees, utility poles, transmission towers, wind tur-
bines and offshore oil-rigs [6]. The mobility of intruders
subjected to a constant loading is relatively well understood.
By contrast, their response to transient and cyclic loading,
for instance induced by waves, wind or earthquakes, remains
poorly explored.
Intruders subjected to an upward vertical force would
move up through the granular packing if the applied force
B Pierre Rognon
pierre.rognon@sydney.edu.au
Shivakumar Athani
shivakumar.athani@sydney.edu.au
1 Particles and Grains Laboratory, School of Civil Engineering,
The University of Sydney, Building J05, Sydney 2006,
Australia
exceeds a critical value F0, referred to as uplift capacity. The
uplift capacity is given by the following generic formula:
Nγ ≡ F0
γ SH
= 1 + f
(
H
B
)
, (1)
where γ [N/m3] is the granular packing unit weight, S [m2];
B [m] and H [m] are the intruder surface area projected in
the loading direction, its length and its embedment depth,
respectively (see Fig. 1a).
Several theories have been developed which usually pro-
vide an expression for the function f in terms of the
embedment ratio H/B, the granular packing internal friction
angle and the intruder shape [7–12]. The general consensus
is that the function f reflects a particular failure envelop
developing within the granular packing. For shallow condi-
tions (H/B  4), the failure envelop reaches the free surface
and the uplift capacity is essentially given by the weight of
the grains enclosed within the envelop. For small intruder
to grain size ratios, an additional contribution to the uplift
capacity was further identified, originating from the failure
interface [13,14].
Furthering the understanding of the uplift capacity, recent
studies have focused on the drag force intruders experience
after failure, while moving through a granular packing at con-
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Fig. 1 Simulated system. a Initial configuration including the intruder
(black grains) embedded in a granular material (white grains). The sys-
tem is bidimensional and periodic in the x direction. There is a layer of
fixed grains at y = 0. The dimensions are 8B in width, and the intruders
are placed at a distance 2B from the bottom unless otherwise specified.
The red box illustrates the zone considered when measuring the mean
square displacement of the grains located near the intruder (see text). b
Shape of the external cyclic force applied on the intruder
stant speed. Unlike usual viscous drag force, granular drag
was found to be rate independent at low intruder speeds, and
was accordingly referred to as frictional drag [15–20]. Fric-
tional drag forces are captured by a model similar to (1).
At high intruder speeds, however, granular drag exhibits a
quadratic increase with speed that is reminiscent of a turbu-
lent drag [21–24].
Measurements of the flow and stress fields around an
intruder moving at constant speed revealed a localisation
of the shear deformation near the intruder boundary, and
large fluctuations in local stresses and strain rates near the
intruders [25]. This localised shear may trigger remote plas-
tic events in the granular packing, a phenomena attributed
to non-local effects [26]. It highlights that mobility is
related to the ability of the granular materials to plasti-
cally deform and recirculate around the intruder. This ability
can be tuned by externally shaking the granular pack-
ing.
Experiments involving shaking the granular packing while
moving the intruder showed that the drag force in the flu-
idised packing significantly drops [27]. When a constant
force is applied to the intruder, a creep dynamics may also
be observed depending on the degree of fluidisation of the
shaken granular packing [28,29]. High frequency shaking of
the granular packing can also give rise to an upward motion
of the intruder without subjecting it to any external forces,
a process known as reverse buoyancy or Brazil Nut Effect
[30–32].
The mobility of intruders subjected to transient and
cyclic loadings while the granular packing is not exter-
nally shaken is, in comparison, less understood. Nonetheless,
few studies explored the dynamic response of plate anchors
subjected to cyclic loads in clays [33,34], saturated sands
[35] and dry sands [36,37]. In dry sand, a phenomenon
of creep was identified, occurring at applied forces below
the uplift capacity F0. Model experiments focusing on
the mobility of small intruders—as large as a grains—
showed that small amplitude cyclic displacements of the
intruder was sufficient to cause the irreversible granular
rearrangements and the formation of recirculation pattern
in the granular packing, including at a relatively large
distance from the intruder [38,39]. However, even in the
relatively simple case of cohesionless and dry granular mate-
rial, there is no established model to predict whether or
not- and even less how—an intruder subjected to cyclic
loading would move given a force magnitude and fre-
quency.
To form a better view of the granular mobility driven by
cyclic loading, we performed a series of numerical exper-
iments consisting in subjecting a plate-shape intruder to a
cyclic uplift force, exploring a range of loading magnitudes
and frequencies. This paper presents the results of these
numerical experiments, and the models we have developed to
rationalise them. It is structured as follows. Section 2 details
the numerical experiments. Section 3 presents the mobility
regimes—and the metric we propose to characterise them—
observed for different intruder sizes and embedments, and
different loading magnitudes and frequencies. In Sect. 4,
we introduce a simple model based on the physical process
of inertial drag, which explains and captures the observed
onset of mobility. Lastly, in Sects. 5 and 6, we discuss the
development of a creep regime observed at certain load-
ing frequencies and magnitudes, as well as a phenomena of
resonance-induced failure occurring at specific loading fre-
quencies.
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2 Numerical experiment
The system under consideration is comprised of a two dimen-
sional packing of cohesionless granular material in which an
plate-shape intruder is embedded (see Fig. 1a).
The grains are disks of averaged diameter d and mass m.
In order to avoid grain crystallization, a polydispersity of
d ± 30% is introduced. It is achieved by selecting the grain
diameter at random in the interval d ± 30%.
Grains interact via elastic, dissipative and frictional con-
tact characterised by a Hooke’s law and an elastic stiffness
k = 10,000 mgd , a coefficient of restitution er = 0.5 and
microscopic friction coefficient μ = 0.5, where g is the
gravity. With this value of stiffness, grains located at a dis-
tance 20d from the surface would typically experience elastic
contact deflection of the order of 2% of their diameter. We
checked that stiffer grains lead to similar results, while requir-
ing a shorter time step and a longer computational time.
The dynamic of these systems is simulated over time by a
discrete element method using a predictor-corrector numer-
ical scheme to integrate the motion of individual grains over
small time steps, accounting for their contact forces, weight
and possibly an external force. More details on this method
can be found in [40,41].
A dense packing is prepared by placing grains in a loose
configuration without contact, and letting them settle under
the action of gravity. A background viscous drag force is
applied during this settlement in order to limit the increase in
kinetic energy during free fall. This drag force is then turned
off during the rest of the numerical experiment. This method
produces an homogeneous and densely packed configuration
with a solid fraction of approximately 0.8. By performing a
plane shear test on similar samples, the critical state internal
friction angle φ was found to be approximately φ ≈ 15.5◦,
which is typical of 2D packing of frictional disks [42,43].
The intruder is constructed by selecting a number of grains
at a desired location within the settled packing, and making
them move as a rigid body. The motion of the intruder along
the y-direction is governed by the contact forces between
intruder grains and free grains in the surrounding packing,
and by an external applied force. Its translation along the
x-direction and its rotation are prevented.
Before applying cyclic loadings, the uplift capacity F0 of
the intruder under consideration was measured by uplifting
it at a prescribed velocity v = 0.1√gd and by monitoring
the reaction force of the granular packing over time; the peak
force corresponding to the uplift capacity. Similar tests were
presented in [14] for a range of intruder lengths and embed-
ments, evidencing that these numerical results match the
established formula Eq. (1), and that they are only marginally
affected when slowing down the rate of uplift v. The uplift
capacity of anchors of differing length B and embedment
Table 1 Range of parameters explored in this study: intruder length B
and embedment ratio H/B (see Fig. 1a), dimensionless cyclic loading
magnitude R and frequency F defined in Eqs. (3) and (4)
B/d H/B R F F0
mg
10 2 0.75–1.6 0.1–7 482
15 1 0.75–1.6 0.1–7 436
20 1 0.75–1.6 0.1–7 697
30 1 0.75–1.6 0.1–7 1391
F0 refers to the measured uplift capacity of the intruder at the given
depth, prescribing a constant uplift velocity (see text); the system being
two dimensional, F0 corresponds to the uplift capacity of an intruder,
measured under constant load conditions. mg is the weight of one grain
H are given in Table 1. They will serve as a benchmark for
cyclic loading tests.
The cyclic loading tests involve periodically and repeat-
edly applying a vertical force on the intruder, and monitoring
its vertical displacement. The selected shape of the external
cyclic external force Fext is:
Fext (t) = Fmax2
(
1 + sin
(
2π f t + 3π
2
))
, (2)
where t is the time; Fmax and f are the loading magnitude
and frequency, respectively. The external force thus varies
from 0 to Fmax , and is null at the beginning of the test, as
illustrated on Fig. 1b. We use two dimensionless numbers to
characterise the cyclic loading:
F = f√
g/d
, (3)
R = Fmax
F0
. (4)
F compares the loading frequency with the time scale √d/g,
corresponding to the typical time for one grain to free fall
over a distance d under the action of gravity. R compares the
ratio of the cyclic loading magnitude to the uplift capacity
measured with steady loading conditions.
3 Measuring the response to cyclic loading
We used the method described in the previous section to sim-
ulate the response to cyclic loading of intruders with different
lengths and embedments. We explored a wide range of load-
ing frequencies and magnitudes, as summarised in Table 1.
The goal is to determine, for each test, whether the intruder
is mobile or immobile. As we will later observe, intermediate
degrees of mobility commonly occur. Our first step is then
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Fig. 2 Onset of mobility upon cyclic loading. a–d Map of the mobil-
ity regimes as a function of the dimensionless loading magnitude and
frequency [see Eqs. (3) and (4)] for different intruder lengths ; symbols
represent individual tests and are coloured according to the power α
obtained by fitting the mean square displacement (MSD) using Eq. (6)
(see text); red corresponds to a failure regime (α  2), blue (α < 1)
to a confined regime and intermediate colours to a creep regime. The
dashed black line represents the prediction of the proposed model for the
onset of mobility, defined by Eqs. (10) and (11). (A) and (C) show two
examples of intruder trajectories corresponding to confined and failure
regime and (E) and (G) show two examples of intruder trajectories cor-
responding to creep regime obtained with different loading conditions
and intruder sizes; (B), (D), (F) and (H) show the mean square displace-
ment (MSD) evolution corresponding to these trajectories, measured by
considering all the grains contained within the highlighted box in Fig. 1a
(see text) (colour figure online)
to define a metric that characterises the degree of mobility of
an intruder. This section first presents this metric, and then
the mobility regimes evidenced by the simulated tests.
3.1 Defining the degree of mobility
The most natural indicator of mobility is the trajectory of the
intruder, defined as δy(t) = y(t) − y(t = 0) where y(t) is
the intruder vertical position at time t and y(t = 0) its initial
position. A trajectory showing δy(t) = 0 would mean that
the intruder does not move, while a positive δy(t) would indi-
cate some motion. Figure 2A, C, E and G show examples of
intruder trajectories obtained for different loading frequen-
cies and magnitude. It appears that intruder trajectories are
never null, and always exhibit some degree of upward motion.
The trajectory on Fig. 2A denotes a very limited motion of
0.2d after 1500 cycles. In contrast, Fig. 2C shows an accel-
erating uplift, and a complete uplift (δy = H = 20d) after
60 cycles. Trajectories shown on Fig. 2E and G exhibit yet
another behaviour, featuring a series of periods with no per-
ceptible displacement lasting several dozen cycles followed
by shorter periods with some sustained upward motion.
While intruder trajectories provide a qualitative description
of their mobility, they do not allow, as such, to quantify a
degree of mobility.
As a way to interpret and characterise the degree of mobil-
ity, we consider the grain motion in the granular packing
around the intruder rather than these trajectories. Specifically,
we monitor the average mean square displacement (MSD) 
of all the grains located near the intruder, defined by:
(τ) = 1
N
1
Ng
N∑
n=1
Ng∑
i=1
|yi (tn + τ) − yi (tn)|2, (5)
where yi (tn) is the position of grain i at a reference time tn ,
and yi (tn + τ) its position after a time increment τ . Ng is the
number of grains located at a distance smaller than B on both
sides of the intruder and underneath it, as shown on Fig. 1a.
The reason why we restricted the analysis to these grains is
that grains located further are likely not to be affected by the
intruder motion. In the following, the average of the MSD is
performed on a series of N = 100 reference times tn selected
at random within the first half of the numerical experiment.
The usefulness of the MSD is that its evolution with the
time increment denotes a specific type of trajectory. For
instance, a MSD increasing with a power law like
(τ) ∝ τα (6)
would indicate a diffusive behaviour and a random walk for
α = 1, a purely advective and constant speed grain motion
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Fig. 3 Map of the mobility regimes as a function of the dimensionless
loading magnitude and frequency (see Eqs. (3) and (4)) for a intruder
length of 15d; symbols represent individual tests and are coloured
according to the power α obtained by fitting the MSD using Eq. (6)
(see text); red corresponds to a failure regime (α  2), blue (α < 1)
to a confined regime and intermediate colours to a creep regime. The
dashed black line represents the prediction of the proposed model for the
onset of mobility, defined by Eqs. (10) and (11) (colour figure online)
for α = 2, an accelerated grain motion for α > 2 and a
sub-diffusive or caged behaviour for α < 1 [44–47].
In the following, we will use Eq. (6) and the value of the
power α to define the degree of mobility. Specifically, we
will distinguish three mobility regimes:
– a failure regime for α  2;
– a confined regime α < 1;
– a creep regime for intermediate values of α.
A mobility map of widely explored range of F and R for
a particular intruder length B = 15d is depicted in Fig. 3.
3.2 Mobility regimes
Figure 2B and D, F and H show the mean square displace-
ments corresponding to the trajectories on Fig. 2A, C, E and
G. It appears that the MSDs do not follow a unique power law
for all values of τ . In all cases, the MSDs first exhibit small
fluctuations, which are consistent with an elastic/reversible
deformation of the packing during cycles. These fluctuations
can last from a few cycles to several dozen cycles depending
on the loading. After these oscillations, the MSDs appear to
approximately increase with a power law such as Eq. (6).
We systematically measured the power α for each test, by
fitting this last part of the mean square displacement curve.
The values of the powers α obtained for all magnitude loads
and frequencies and for different intruder lengths and embed-
ments are reported on Fig. 2a–d. It appears that high enough
loading magnitudes (R  1.5) invariably lead to failure.
Conversely, low loading magnitudes R  1 lead to confined
for all frequencies, with some odd exceptions. At Intermedi-
ate load magnitudes, Fig. 2 indicate that the mobility regime
depends not only on R, but also on the load frequency; gen-
erally, low frequencies are more likely to lead to failure. The
following sections will discuss the origin of these frequency
effects and attempt to model them.
4 Inertial drag
Existing models such as Eq. (1) are designed to capture the
onset of failure under constant loading. Conversely, existing
granular drag models are designed to capture the post failure
force an intruder experiences while moving at a constant
speed through a granular packing. Consequently, none of
these models are designed to account for the frequency effects
observed on Fig. 2A. We now seek to develop a physically
based model that can rationalise this effect.
As a starting point, let us consider the physical processes
underlying failure under constant loading as described by a
model such as Eq. (1). The uplift capacity is then given by the
weight of the grains located in a frustum above the anchor:
F0 ≈ Mg (7)
where M is the total mass of the grains in the frustum.
Figure 4a illustrates this frustum, showing a snapshot of a
pull-out test performed at constant speed, taken at failure
when Fext = F0. Similar distributions of force chains have
been reported in uplift experiments in [48]. Once the intruder
has sufficiently moved up, uplifting the frustum, the granular
packing undergoes rearrangements in the form of a recir-
culation pattern by which grains move from the top of the
intruder toward the bottom, as evidenced on Fig. 4b, c. This
rearrangement of the granular packing induces plastic defor-
mations. After it takes place, the intruder would not be able
to come back to its initial position be the external force reset
to zero.
Both processes of (i) lifting up the intruder and (ii) letting
the grains rearrange, take time. During cyclic loading, we
presume that the response of the intruder may depend on
how these time scales compares with the load frequency.
This constitutes the basis of the model developed below.
Firstly, we consider that failure can develop only if there is
enough time during one cycle for the intruder to be lifted up
over a distance that is large enough to trigger a plastic reor-
ganisation. To estimate this time scale, we introduce a model
based on the force balance on the system anchor/frustum
when the external force exceeds the uplift capacity. The
model includes the inertia of the grain in the frustum and
the external force and the weight of the frustum F0 = Mg:
Ma(t) = Fext (t) − F0 for Fext  F0 (8)
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Fig. 4 Micro mechanisms underpinning failure under constant loading.
a Snapshot showing the contact network at failure; red lines denote
a contact between two grains, their width being proportional to the
magnitude of the contact force; the black lines represent the theoretical
failure envelop (inclination φ with respect to vertical, originating from
the edges of the intruder); they delineate a frustum above the intruder
(light red fill colour). b, c snapshots of the displacement fields of the
grains taken: b at failure and c shortly after failure, once the intruder as
moved up one grain size as compared to its position at failure; arrows
represent individual grain displacements from their initial position with
a magnification factor 4:1; black arrows are provided as a guide for
the eyes to highlight the main motion and to evidence the recirculation
happening after failure (colour figure online)
where α is the acceleration of the intruder and, consequently,
of the grains in the frustum. The term Ma can be seen as an
inertial drag force. According to this inertial dynamics, an
intruder can sustain an external force exceeding the uplift
capacity for short periods of time without experiencing a
significant and irreversible displacement.
We postulate that plastic recirculation of the granular
packing are triggered when the intruder moves up over a
distance of the order of one grain. The typical time available
for this motion to occur scales like the cycle period f −1.
Accordingly the acceleration needed to trigger recirculation
scales like d f −2. In the mean time, the average force driving
the intruder motion scales like Fmax−F0. Introducing this
typical acceleration and force into the inertial dynamics (8)
leads to a criteria for the maximum loading amplitude Fcmax
that the intruder can sustain without triggering a plastic event:
Md f 2 ∝ Fcmax − F0. (9)
Considering that F0 = Mg, this criteria for the onset of
mobility can be expressed in terms of the dimensionless fre-
quency and critical amplitude Rc = Fcmax/F0 as:
Rc = αF2 + β for F  1 (10)
where α and β are two numerical constants. Figure 2a–d
shows that this model delineates the confined and failure
regimes observed numerically using α = 0.6 and β = 0.9,
as long as the frequency remains relatively low F  1. At
higher frequency, however, the onset of mobility is no longer
delineated by (10) and should therefore result from a different
physical mechanism.
At high frequencies F  1, the duration f −1 of a cycle
is typically shorter than the time scale
√
d
g . This time scale
corresponds to the time for a grain to free fall on a distance
d by the action of gravity, which is an elementary process
by which grains can reorganise or fall back into their initial
position after being uplifted.
Given that this reorganisation time is longer than one
cycle, grain recirculation and the associated plastic deforma-
tion must take place over many cycles. In average, the applied
force during one cycle is F¯ = f ∫ f −1t=0 Fext (t)dt = Fmax/2.
Considering that plastic deformation are driven by this force
when F¯ > F0 would lead to a criteria for the onset of failure
of Rc = FcmaxF0 = 2. However, results on Fig. 2A indicate that
failure occurs at a lower loading amplitude.
To rationalise this effect, we further consider that plastic
deformations can only occur while the intruder is moving
upward, which is happening only during the first half of
the cycle. The average force during this first half is given
by: Fmean = 2 f
∫ f −1/2
t=0 Fext (t)dt = 12
(
1 + π−1) Fmax ≈
2
3 Fmax . Considering that the onset of failure corresponds to
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Fig. 5 Creep response followed by failure (B = 15d, H/B = 1,
R = 1.12 and F = 0.5). a Intruder trajectory and b grain mean square
displacement; The dashed line has a slope of 2 and is provided for visual
reference
Fmean = F0 leads to the following expression for the critical
loading amplitude Rc = FcmaxF0 at high frequencies:
Rc ≈ 3
2
for F  1, (11)
Then, the onset of mobility is no longer dependent on
the frequency. Finally, considering that both criteria (10) and
(11) matches at F = 1 defines a constrain on the constant α
and β: α + β = 3/2.
Figure 2a–d shows that the onset of failure predicted by
the models (10) and (11) coarsely delineates the observed
regimes of failure with some exceptions. Notably, several
tests lead to a creep response near this model prediction, as
discussed below.
5 Creep regime
The transition from confined to failure regimes does not occur
sharply at a given value of loading frequency and magnitude.
Rather, Fig. 2a–d evidence creep responses for loading fre-
quencies and magnitudes close to the transition predicted by
Eqs. (10) and (11).
Figure 2E and G show examples of trajectories corre-
sponding to creep responses, obtained for different intruder
sizes and loading conditions. These intruder trajectories fea-
ture long periods of confinement, which can seemingly last
hundredths of cycles, interrupted by shorter periods of fail-
ure. A similar observation of series of failure and confined
events has been reported when the intruder was sinking
(b)
(a)
(c)
(d)
(a) (b)
(c) (d)
Fig. 6 Mechanisms underlying creep response. (A) Intruder displace-
ment curve (B = 15d, R = 1.12 and F = 0.5): the red line corresponds
to an intruder initially located at a distance 2B from the bottom wall
(same data as Fig. 5a); the blue lines correspond to a similar intruder
and loading (B = 15d, R = 1.12 and F = 0.5) placed directly above a
fixed boundary (black grains). a–d Displacement field within the pack-
ing; arrows denotes the total displacement of each grain during the
considered period with a magnification factor 4:1 (colour figure online)
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Fig. 7 Resonance-induced failure. (A) mobility regime for tests per-
formed at a similar load magnitude R = 0.75, with different intruder
lengths and embedments, and different grain stiffnesses. Symbols are
coloured according to the colour scheme on Fig. 2: red denotes a failure
response and blue a confined response; data are presented as a function
of the applied load frequency F and of the predicted resonance fre-
quency F p , as per Eq, (12), using a f = 1/2; a line F = F p is shown
as a guide for the eyes. a–e Trajectories of different intruder lengths
considered in the study—the legends indicate the loading frequencies:
a B = 10d, b B = 15d, c B = 20d, d B = 30d and e B = 30d;
Tests in a–d were performed with k = 10,000, while tests in e were
performed with softer grains k = 5000 (colour figure online)
under its own weight while placed in the vibrated granular
medium [49].
In Fig. 5 show another example of creep response, for
which the tests was pursued until failure was reached. At
first, the intruder trajectory features long confined periods
followed by short failure periods, typical of creep. After
approximately 500 cycles, this creep has produced a cumula-
tive displacement of about 2d. As the intruder is closer to the
free surface, it stops creeping and starts consistently mov-
ing upward, which is typical of a failure response. In terms
of MSD, this translates into a change in the slope α, which
is lesser than 2 at short time scales (τ/√g/d  600) and
become larger than 2 for longer time scales.
Figure 6 highlights the micro-mechanisms underlying a
creep trajectory by comparing two cases: (I) an intruder
placed far from the bottom boundary and (II) the same
intruder placed directly above a fixed and rigid bottom
boundary. Both tests are performed with a similar loading
magnitude and frequency of R = 1.12 and F = 0.5.
With case (I), the displacement field on Fig. 6b shows
that, during a failure event, grains above the intruder are
being lifted up and pushed sideways. It also evidences a
recirculation pattern by which grains move downward aside
the intruder and inward underneath it. This recirculation pat-
tern is similar to the recirculation observed during constant
loading uplift tests (see Fig. 4c and references [38,49,50]).
By contrast, during a confined period, Fig. 6a shows that
there is no recirculation pattern. Nonetheless, there are some
grain rearrangements within the granular packing above the
anchor. We infer that, during the confinement period, the
input energy at each cycles can lead to some micro reor-
ganisation of the granular packing, which can thus explore
different state of stability and may get weakened. This may
eventually lead to a failure event, producing a major reor-
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Fig. 8 Resonance-induced failure: effect of micro-parameters control-
ling the energy dissipation, including the coefficient of restitution e
and the coefficient of friction μ. Symbols represent individual tests
performed with different intruder lengths and embedments. Unless oth-
erwise specified in the legend, e = 0.5 and μ = 0.5. Tests are all
performed at a similar load magnitude R = 0.75, but with different
frequencies F . Red and blue symbols represent failure and confined
responses, respectively. The dashed line represents the elasto-inertial
model in Eq. (12), predicting a resonance-induced failure at a frequency
F = F p (colour figure online)
ganisation of the packing into a more stable state. Another
confinement period would be needed to weaken this new state
and enable further failure.
Case (II) is a direct evidence that allowing for recircula-
tion is key to the onset of mobility. The inclusion of a rigid
boundary just underneath the intruder makes the recircula-
tion more difficult, and the resulting trajectory on Fig. 6A
evidences that failure events are then prevented. While some
grain rearrangements are still observed above the intruder,
there is no noticeable creep.
6 Resonance-induced failure
Thus far, our analysis has focused on cyclic loadings per-
formed at a load greater than the steady uplift capacity. For
lower magnitudes, for instance R = 0.75, Fig. 2a–d show
that most frequencies lead to a confined response. There are,
however, some exceptions: some cyclic loadings appear to
lead to failure at a specific frequency, while slightly higher
or lower frequencies lead to confined. Figure 7 shows the
trajectories obtained at different loading frequencies and at a
low loading magnitudes, which highlight this effect. Results
include intruders of differing lengths, and grains of differing
stiffnesses k.
We attribute this behaviour to a process of elasto-inertial
resonance, involving the grain stiffness k as a stiffness scale,
and the mass M of the grains in the frustum. This process
considers that (i) if failure occurs, a mass M of grains will
be mobilised and (ii) the loading of this mass is applied via
an elastic intruder. Accordingly, the dynamic of the grains in
the frustum can be written as M y¨ = a2f kδy , where a f is a
numerical constant. This simple model leads to a predicted
resonance frequency F p scaling like:
F p = a f
(
1
2π
√
k
M
)
1√
g/d
(12)
Figure 7 shows that this model captures the occurrence
of odd failure observed at low loading magnitudes using
a f = 1/2, over a range of different intruder sizes (lead-
ing to different M) and different grain stiffnesses. Figure 8
further shows that this critical frequency is not significantly
affected by the micro-parameters controlling energy dissi-
pation at the contact level, which include the coefficient of
restitution e and grain-to-grain friction μ.
7 Conclusions
These results highlight the rich dynamical behaviour of
intruders subjected to cyclic loading, and the micro-
mechanical processes governing their mobility.
A first key observation is that the mobility is not simply
determined by the magnitude of the loading, but also depends
on its frequency. We rationalised this effect by introducing an
inertial granular drag contributing to hindering the intruder
motion, and by considering that the intruder should move up
over a distance of approximately one grain to trigger failure
events taking the form of grain recirculation. A model cap-
turing the onset of mobility was derived accordingly, that is
expressed in Eqs. (10) and (11).
Furthermore, we evidenced that a binary distinction
between failure and confined responses only partly captures
the observed trajectories. Indeed, a third regime of creep was
observed that develops near the onset of mobility. In this
regime, intruders can remain confined for several hundred
cycles before undergoing a short failure event, and become
confined again. The upward creep of the intruder eventually
leads to a failure behaviour as the intruder approaches the
free surface.
Lastly, we observed the occurrence of unexpected fail-
ure at low load magnitude and specific frequencies. We
introduced the model (12), based on a elasto-inertial dynam-
ics, which captures these critical frequencies for different
intruder lengths, embedments, grain stiffnesses and micro-
parameters.
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These results and analysis should constitute a useful basis
for further studies on the mobility in different granular mate-
rials. In particular, the presence of water in partially and
fully saturated granular packings is expected to lead to much
longer settlement time scale and affect the mobility response,
as grain free fall would be slowed down by some viscous
forces arising from pore pressure and lubrication forces
[40,51,52].
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CHAPTER 5
Inertial drag in granular media
Chapter 4 emphasized on the fact that in addition to loading magnitude, frequency also
governs the mobility of intruders subjected to cyclic uplift force. Additionally, it highlighted
that the inertia of the grains around the intruder plays a role, as the load sustained by the
intruder exceeded the quasi-static uplift capacity. Moreover, this highlights the differences
between steady and cyclic loadings. In this chapter, the drag force on intruders subjected to
different accelerations is explored, specifically focusing on the maximum drag force/uplift
capacity F0.
Particularly, there is lack of understanding on how the rate of upliftment governs the uplift
capacity F0, especially when the intruder is uplifted against gravity. However, rate effects
on drag force are characterized in different configuration experiments including ploughing
and extended drag of discrete objects (Takehara et al. 2010; Percier et al. 2011; Potiguar and
Ding 2013; Takehara and Okumura 2014). Accordingly, they distinguished the quasi-static
and inertial regimes for the drag force. However, at this point it is still unclear if the uplift
capacity evidences such similar different regimes, when the intruder experiences dynamic
high-velocity uplift loads.
In the following chapter, plate shaped intruders of different sizes and embedded at various
depths are uplifted, exploring a range of dynamic loads. The evidenced rate effects are
highlighted where the uplift capacity F0 increased linearly with the increase in pullout
velocity. For the first time we distinguished the quasi-static and the inertial regimes. Moreover,
the effect of collisions and elasticity of the particles are perceived with respect to time of
collision tc and the time required for the elastic wave to propagate tw. Besides identifying the
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underlying different physical processes at stake, the developed model captured the evidenced
results.
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Inertial drag in granular media
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Just as in the case for liquids, objects moving in granular materials experience a drag force. We
investigate here whether and how an object’s acceleration affects this drag force. The study is
based on simulations of a canonical drag test, which involves vertically uplifting a plate through a
granular packing with a prescribed acceleration pattern. Depending on the plate size, plate depth
and acceleration pattern, the results evidence a rate-independent regime and an inertial regime
where the object acceleration strongly enhances the drag force. We introduce an elasto-inertial
drag force model that captures the measured drag forces in these two regimes. The model is based
on observed physical processes including a gradual, elasto-inertial mobilization of grains located
above the plate. These results and analysis point out fundamental differences between mobility in
granular materials upon steady and unsteady loadings.
I. INTRODUCTION
Granular materials are comprised of inertial grains in-
teracting via elastic and dissipative contacts. These in-
teractions control the macroscopic mechanical behaviour
of granular packings, which is typically elasto-visco-
plastic. The development of a contact network enables
finite elastic deformations, while contact sliding, opening
and formation enable large visco-plastic deformation [1].
These elementary mechanical properties underpin the
ability of large objects embedded into granular packings
to move. In Newtonian fluids, the mobility of large ob-
jects is simply described by drag force models such as
Stokes and turbulent drags, which relate the speed of the
object to the reaction force from the fluid. In contrast, in
granular packings, the mobility of an object involves at
least two distinct processes: initiating and sustaining the
motion. Accordingly, models were successfully developed
that establish the nature of two forces: the maximum
drag force Fs an object initially at rest experiences when
pulled through the packing, and the final drag force Fd
it experiences afterward, while steadily moving.
Models predicting maximum drag -also called ultimate
capacity- have long been established for quasi-static load-
ings. They are routinely used in the design of building
foundations in granular soils such as sand [2–6]. For verti-
cal uplift loadings, the maximum drag Fs is proportional
to the vertical hydrostatic normal stress σh at the object
depth:
Fs = NγSσh (1)
where S [m2] is the surface area of the object projected
in the vertical direction, σh = γgH [N/m
2] with H [m]
the object depth and γg [N/m
3] the unit weight of the
granular packing. Nγ is a dimensionless parameter with
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reported values ranging from 1 to 100. Several studies
have shown how this parameter varies with the inter-
nal friction angle φ of the packing [3, 7–11], the object
shape [12–16] and the grain size [17–19]. The experimen-
tal method used to measure this parameter consists of
uplifting the object at a constant and relatively slow ve-
locity and monitoring the drag force during the uplift.
The maximum drag Fs is then defined as the maximum
value of the force opposing this motion. At low uplift
velocities, the maximum drag is rate-independent [20],
which is consistent with an elasto-plastic behaviour of
the packing.
The few reported tests performed at higher uplift ve-
locities, including experimental results in dense sand us-
ing pipes [21, 22] and plate anchors [23], revealed a linear
increase in maximum drag with the uplift velocity. How-
ever, the origin of this rate-effect remains poorly under-
stood.
Studies focusing on the final drag force Fd provide a
hint toward explaining such rate effects. Final drag forces
are usually measured by moving an object through a
granular packing at constant speed and measuring the av-
erage force Fd needed to sustain this motion. With this
method, experimental and numerical results evidenced
two regimes. At low speed, the drag force Fd is rate-
independent and captured by a model similar to (1). Ac-
cordingly, the drag force in this regime is referred to as
frictional drag [24–29]. At higher velocities, the drag
force Fd exhibits a quadratic increase with speed that
is reminiscent of a turbulent drag [30–35]. This results
from the inertial forces developing when grains are mov-
ing from the front of the object to its back. This points
out that grain inertia can contribute to hindering the mo-
tion of objects, and could possibly be at the origin of the
rate effects evidenced on the maximum drag Fs.
The role of grain inertia on the mobility of objects em-
bedded in granular materials has been further evidenced
under cycling loading in [36]. This study showed that an
object could sustain an external force larger than Fs for
a short period of time without moving. This effect was
attributed to the grain inertia near the object, which hin-
2ders the object motion on short time scales. Accordingly,
one could expect that an object initially at rest and set
into motion with some acceleration could possibly expe-
rience an increased maximum and final drag force, which
would arise from the inertial displacement of accelerated
grains in its surrounding. However, such an effect has
not been evidenced to date, and there is therefore no
established model to capture it.
The purpose of this paper is to establish whether and
how grain inertia impedes the mobility of large objects
in a granular material. We conducted a series of elemen-
tary mobility test simulations using a discrete element
method. The simulations involved prescribing a vertical
acceleration to a plate embedded into a granular pack-
ing, and measuring the drag force opposing that motion.
Our approach is comprised of two steps: we first em-
pirically measure the maximum drag for different accel-
eration patterns, grain stiffnesses, plate sizes and plate
depths; we then develop a model capturing these mea-
surements, based on physical processes evidenced during
the uplift.
The paper is organised as follows. Section II presents
the simulation method and the details of the mobility
tests. Sections III and IV present the measured drag
forces and the model we introduce to capture them.
II. SIMULATED SYSTEM
We consider a bi-dimensional system comprised of a
horizontal plate embedded in a packing of cohesionless
and frictional grains. Figure 1a illustrates this configu-
ration. The dynamics of the system is simulated using
a discrete element method. In [18], we used a similar
method and system to investigate the quasi-static uplift
capacity of plate anchors; this study showed that such
2d numerical tests qualitatively match established exper-
imental measurements of uplift capacity in dense sand,
captured by Eq. (1).
This section briefly presents the physical parameters of
the grains, the protocol of the dynamic uplift tests, and
the dimensional analysis of these tests.
A. Granular material
The simulated grains are disks of mean diameter d and
mass m. A polydispersity of d±30% is introduced on the
grain diameter to avoid crystallisation, using a uniform
distribution by number within this range. Grains are
subjected to gravity. They interact with their neighbours
via inelastic and frictional contacts characterised by a
Young’s modulus E, a coefficient of restitution er and
coefficient of friction µ = 0.5.
There is no interstitial fluid in the pores or long range
interactions. Grain translation and rotation are simu-
lated over time using a discrete element method similar
to that introduced in [18, 36, 37].
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Figure 1. Dynamic uplift tests. (a) Example of a system
comprised of a plate of size B (black grains) embedded in a
granular material (gray grains). The domain is bidimensional
and periodic in the x direction. There is a layer of fixed grains
(red grains) at y = 0. The system width is 8B and the plate
is placed at a distance of at least B from the bottom. The
blue area illustrates the frustum of grains being uplifted in
quasi-static loadings. The weight of the grains in this zone
corresponds to the maximum drag as per Eqs. (1) and (6). (b)
Example of prescribed velocity of the plate, according to Eq.
(2) with τ/tg = 1, showing a phase with some acceleration
(t  τ) followed by a nearly constant velocity (t  τ). (c)
Corresponding drag force F during the uplift, showing a peak
force F0 (triangle) followed by a significant decay and some
fluctuations.
The plate moving through the packing is made of
grains that are similar to the free grains described above.
However, all plate grains move vertically at the same pre-
scribed velocity. They do not translate horizontally or
rotate. The drag force on the plate is monitored at any-
time by summing up all contact forces between free grains
and plate grains. This drag force therefore corresponds
to the net reaction force of the granular packing, and
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Figure 2. Effect of the ultimate uplift velocity v∞ on the peak drag force F0 for a system with B = 10d, H/B = 3 and τ = tg.
Examples of drag force evolution F versus plate displacement δy obtained (a) in the quasi-static regime (v∞ .
√
gd/10) and (c)
in the inertial regime (v∞ &
√
gd/10); peak forces F0 are marked with a triangle. (b) Peak drag forces F0 measured at different
velocities v∞ - symbols and error bars show the average and standard deviation of the peak force obtained by repeating five
similar tests with different realizations of initial packing; the black line shows the best fit of the empirical model (7), using
α = 390m
√
g/d as a fitting parameter and Eq. (6) for the quasi-static maximum drag Fs.
excludes the weight of the plate. In the following, F (t)
indicates the vertical component of this reaction force us-
ing the following convention: positive values correspond
to a reaction force oriented downward. We checked that
the horizontal component of the reaction force is always
close to zero.
B. Dynamic uplift tests
Dynamic uplift tests involve preparing a dense and
static packing of grains, placing a plate into it, and
pulling the plate at a controlled velocity that can vary
in time. Simulations are conducted in a domain that is
periodic in the x-direction. Therefore, the simulated sys-
tem is an array of plates rather than a single plate. We
used a domain size -corresponding to the horizontal spac-
ing between plates- of L = 8B for the tests presented in
the following. We consistently observed that using larger
system sizes did not affect the results, which indicates
that the simulated system is representative of a single
plate behaviour.
Dense packings are formed by initially placing grains at
random locations in a loose configuration, without con-
tact. Grains then settle under the action of gravity g into
a denser configuration, with virtually no kinetic energy.
During this preparation, grains are subjected to a back-
ground drag force of the form
−→
f dragi = −ξ−→v i, where −→v i
is the velocity of grain i and ξ a drag coefficient. This
background drag is introduced to limit the maximum free
fall velocity of grains to vmax =
mg
ξ , which restricts the
build up of kinetic energy during settling. Once there is
virtually no kinetic energy left in the system, the result-
ing packing has a porosity of about 20% and an internal
friction angle of 15o. The background drag is then turned
off for the uplift tests.
The plate is created within the static dense packing
by selecting free grains at a desired location and tagging
them as plate-grains. This method avoids the creation of
heterogeneities in the granular packing that would arise
by either (i) placing a plate and pouring the grains or
(ii) pushing a plate into a granular packing. Moreover,
this method automatically produces a plate that is at
mechanical equilibrium: the sum of the contact forces
between free grains and plate grains balances the weight
of the plate grains. The plate thus formed is not smooth:
it features asperities of the order of the grain size.
The dynamic uplift tests are conducted by control-
ling the upward displacement of the plate using a ve-
locity/acceleration pattern characterised by two parame-
ters: a final uplift velocity v∞ and an acceleration time τ .
At any time t, the vertical plate acceleration and velocity
along the y direction are defined by:
v(t) = v∞
(
1− e− tτ
)
; (2)
a(t) =
v∞
τ
e−
t
τ . (3)
The convention used for the velocity is that positive val-
ues correspond to upward motion. t = 0 is the beginning
of the uplift test, when the plate and granular packing
are at rest. These exponential functions are chosen to
smoothly transition from an accelerating motion at the
beginning of the test (t . τ) during which the average
acceleration is v∞τ , to a steady motion with a constant
uplift velocity v∞ afterward (t τ).
4B/d H/B er E/(mg/d
2) v∞/
√
gd τ/tg
10 2 0.3− 0.7 104 0.1− 5 0.01− 4
10 3 0.5 104 0.1− 5 0.01− 4
10 4 0.5 104 0.1− 5 0.01− 4
15 2 0.5 104 0.1− 5 0.01− 4
20 1 0.3− 0.7 104 0.1− 5 0.01− 4
20 1 0.5 103 0.1− 5 0.01− 4
30 1 0.5 104 0.1− 5 0.01− 4
Table I. Explored range of parameters: plate width B, em-
bedment ratio H/B, grain coefficient of restitution er and
Young’s modulus E, final uplift velocity v∞, acceleration time
τ . Parameters are expressed in the system of units defined in
Section II C. Unless otherwise specified, results shown in the
following are obtained with E = 104 and er = 0.5.
C. Dimensional analysis
The simulated system is defined by a number of geo-
metrical and physical parameters that form elementary
time, force and length scales. In the following, we will
express masses, lengths and forces in unit grain mass m,
diameter d and weight mg, respectively. Accordingly, the
unit time is tg =
√
d/g. It represents the time for a grain
to free fall over a distance d under the action of gravity.
The mode of loading involves two elementary time
scales: the acceleration time τ , and the ultimate plate
displacement time scale tp = d/v∞. The fact that grains
are inertial and elastic leads to another time scale that
represents a binary collision time between two grains:
tc =
√
m
Ed
(4)
This time can also be interpreted as the time required
for elastic waves to travel through a distance d. In the
following simulations, the elastic modulus of the grains
is E = 104 mg/d2 so that the collision time is always
shorter than the gravity time: tc =
tg
100 .
The time step dt of the simulations is defined as a
fraction (1/20) of the shortest time scale of the system.
We checked that shorter time steps did not affect the
results.
III. MEASURED PEAK FORCE F0
Figures 1b,c show the results of a dynamic uplift test
performed with B/d = 10, H/B = 3, τ/tg = 1 and
v∞ = 3
√
dg). The drag force F first increases to a maxi-
mum and then sharply decreases. Similar tests have been
conducted with plates of different width B, embedded at
different depth H and with different acceleration param-
eters τ and v∞. Table I summarises the explored range
of parameters. All tests produced drag force evolutions
qualitatively similar to that presented on figure 1c, al-
beit with different values of the maximum drag force. In
0 2 4 6
0
500
1000
1500
2000
2500
3000
3500
B = 10d; H/B = 3
B = 10d; H/B = 2
B = 20d; H/B = 1
Figure 3. Effect of the ultimate uplift velocity v∞ on the peak
force F0 for different plate size B and plate depth H (τ = tg
in all tests). Symbols and error bars show the average and
standard deviation of the peak force obtained by repeating
five similar tests with different realizations of initial packing.
Lines represent the best fits of the model (7) using α as a
fitting parameter (best fits are obtained for α = 390, 330, 540,
respectively), while Fs is given by (6).
the following, we refer to the maximum drag force as peak
force F0, to distinguish it from the quasi-static maximum
drag force Fs defined in (1). The relation between F0 and
Fs is:
Fs = lim
v∞→0
F0(v∞) (5)
In this section, we seek to empirically establish how F0
depends on the plate size, plate embedment, and on the
acceleration parameters τ and v∞. The physical origin of
these dependencies will be discussed in the next section.
A. Quasi-static & inertial regimes
Figure 2 shows the effect of varying the ultimate veloc-
ity v∞ on the drag force. All these tests are performed
with a plate size B = 10d, a plate depth H = 3B and
an acceleration time τ = tg. The only parameter varying
from test to test is the ultimate uplift velocity v∞. Re-
sults evidence a rate-independent regime at low velocities
(v∞ .
√
gd/10), where the peak force F0 does not signif-
icantly depend on the rate of pull. At larger velocities,
results indicate a rate-dependent regime where the peak
force increases approximately linearly with the ultimate
velocity. We refer to these regimes as quasi-static regime
and inertial regime, respectively. As in [18], we observed
that the quasi-static maximum drag Fs is given by Eq.
(1) with:
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Figure 4. Effect of the acceleration time τ on the uplift capacity F0 for a system with B/d = 30, H/B = 1. (a) peak force
F0 for different ultimate uplift velocities v∞ and different acceleration times τ . Symbols and error bars show the average and
standard deviation of F0 obtained on a series of five tests with different realizations of the initial packing. Lines represent
the best fit of Eq. (7) using α as a fitting parameter and fixing Fs as per Eq. (6). (b) Values of α obtained with this fitting
procedure. The dashed line represents a power law with an exponent −1 for visual reference.
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Figure 5. Effect of the inter granular coefficient of restitution
er on the peak force F0. Slope α measured by fitting numer-
ical results of F0(v∞) by Eq. (7), following the procedure
introduced on figure 4. Open and filled symbols correspond
to systems with B/d = 20 & H/B = 1 and with B/d = 10 &
H/B = 2, respectively. The dashed line represents a power
law with an exponent −1 for visual reference.
Nγ ≈ 1 + H
B
tan(φ) (6)
where φ ≈ 15◦ is the internal friction coefficient of the
packing. This corresponds to the failure mode illustrated
on figure 1a, whereby a frustum of grains is being uplifted
by the plate. The quasi-static limit of the maximum drag
corresponds to the weight of this frustum of grains.
We propose to capture the maximum drag force in both
the quasi-static and inertial regimes by the following lin-
ear function:
F0 ≈ Fs + αv∞ (7)
where α is a coefficient with a dimension force per unit
velocity, which does not depend on v∞. Figure 2 shows
how this function fits the measured peak forces F0 in both
the quasi-static and inertial regimes using α as a fitting
parameter and fixing Fs as per (6). Figure 3 further in-
dicates that this linear model captures the peak forces
measured with different embedment and plate size, and
evidence that the coefficient α depends on these param-
eters.
This observed linear increase in peak force with the
uplift velocity is consistent with previous experimental
observations in dense sand using pipes [21, 22] and plate
anchors [23]. In contrast, drag forces measured on object
moving at a constant and high velocity through granular
packings exhibit a quadratic increase with the velocity
[30–35]. This denotes a qualitative difference between
the mechanisms controlling drag forces during steady and
accelerated motions.
B. Effect of the acceleration time τ
Figure 4 shows the effect of the acceleration time τ on
the peak force for a plate of size B = 30d and embed-
ment H = B. The linear increase (7) is recovered for
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Figure 6. Scaling of the coefficient α for different combinations of plate width B, plate depth H, acceleration times τ and
grain Young’s modulus (see legend in (b)). Values of α are obtained by fitting the measured values of F0(v∞) by Eq. (7).
Black/red symbols correspond to grain Young’s modulus E = 104 and 103 mg/d2, respectively. (a) Non-normalized values of
α(τ). (b) Normalization attempt using the quasi-static maximum drag force Fs = F0(v∞ = 0) and the free fall velocity
√
gd.
(c) Successful normalization using the elastic wave propagation time tw and the hydrostatic mass Mh defined in (13) and (10).
The red line represents the best fit of the elasto-inertial drag model defined in (20), which is obtained for β = 2.
all acceleration times. However, the value of the accel-
eration time τ strongly influences the parameter α. For
large values of τ (τ & 0.1tg), α appears to be inversely
proportional to the acceleration time:
α ∝ τ−1 for τ & 0.1tg (8)
In contrast, the parameter α seemingly reaches a max-
imum and plateaus for small acceleration times (τ .
0.1tg).
Figure 5 shows that this dependency is also observed
for systems with different values of inter granular coeffi-
cient of restitution er, plate width B and embedment H.
The coefficient α is not affected by the value of the inter-
granular coefficient of restitution, which controls normal
energy dissipation at the contact level.
Lastly, figure 6a shows the effect of grain stiffness on
the coefficient α, by comparing systems with different
values of Young’s modulus E. All systems lead to a qual-
itatively similar function α(τ), including a plateau at low
values of τ and an inverse power law at large values of τ .
However, parameters including the plate depth H, the
plate width B and the grain Young’s modulus appear
to quantitatively affect the value of the plateau and the
value of the power law pre-factor.
IV. DYNAMIC DRAG MODEL
This section seeks to establish the physical origins of
the peak force F0 as a way to explain its dependencies
with the acceleration parameters. As a starting point,
we detail the established process underpinning the quasi-
static maximum drag Fs. We then introduce an elasto-
inertial drag model to account for the influence of the
acceleration parameters v∞ and τ .
A. Quasi-static uplift capacity
The peak force experienced by a plate being moved
infinitely slowly corresponds to the weight of the grains
it lifts up. Uplifted grains are not strictly limited to the
column above the plate. They include grains enclosed
in a frustum as illustrated on figure 1a, which geometry
depends on the internal friction angle of the packing. The
corresponding massMs is (in 2d, considering a unit depth
d in the third dimension):
Ms = MhNγ , (9)
Mh = ρBHd. (10)
Nγ , given by Eq. (6), accounts for the shape of the frus-
tum. In our system (1 6 H/B 6 3, θ ≈ 15◦), values of
Nγ range from 1.3 to 2.1. Mh is the mass of the grains
located above the plate, and ρ is the density of the pack-
ing. This process explains the quasi-static uplift force
Fs = Msg, which is rate-independent. While it does
not account for the observed rate effects, it does point
out that moving the plate requires moving some inertial
grain in the packing, and therefore involves some inertia.
B. Elasto-inertial drag
We infer that an accelerating plate would be resisted
by two forces: the quasi-static drag mentioned above and
an inertial drag Fi resulting from the grains acceleration
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Figure 7. Illustration of the elasto-inertial process controlling
the inertial drag force. Rectangles represents layers of grains
situated above the plate (black line), that are gradually mobi-
lized as the elasto-inertial stress wave propagates toward the
surface; mobilized grain’s inertia yields an additional drag
force.
in the packing. Accordingly, we express the peak force
as:
F0 = Fs + Fi (11)
Fi = M
effaeff (12)
In this model, the inertial drag Fi involves an effective
mass of grains being set in motion and their typical ac-
celeration, which are denoted by Meff and aeff , respec-
tively.
To establish how these two parameters may be related
to the plate size, plate depth and acceleration parame-
ters, we consider the following elementary scenario in-
volving the grain inertia and elasticity. Upward move-
ment of the plate compresses a series of spring/mass el-
ements. A spring element represents a grain to grain
elastic contact with a stiffness k = Ed and the mass ele-
ment a grain mass m. Accordingly, accelerating the plate
upward would generate an elastic wave propagating up-
ward towards the free surface. Figure 7 illustrates this
process. Each grain/contact element acts as an harmonic
oscillator which period is given by the collision time tc.
The acceleration wave thus propagates upward over a dis-
tance of one grain size d at a speed scaling like d/tc. The
time tw for this elastic wave to reach the free surface is:
tw =
H
d
tc (13)
When the elastic wave reaches the surface, top grains
move up freely releasing the series of springs. Accord-
ingly, the drag force should start relaxing then, at the
latest. For relatively large acceleration times (τ > tw),
the plate’s acceleration is sustained at value close to v∞τ
throughout this process. As a result, all the grains above
the plate are mobilized and contribute to the inertial re-
sistance. We therefore express the corresponding effec-
tive mass and acceleration as:
aeff =
v∞
τ
(14)
Meff = βMh (15)
where β is a dimensionless constant reflecting the extent
of the zone of mobilized grain above the plate, which
value is expected to be of the order of unity.
For shorter acceleration times (τ < tw), the plate stops
accelerating before the elastic wave reaches the free sur-
face. As a result, not all the grains above the plate are
mobilized before it stops accelerating. If the acceleration
time τ of the plate becomes shorter than the collision
time (τ < tc), even the first layer of grains would not
have time to move before the plate stops accelerating.
The fastest the first layer of grains can be mobilized and
reached a velocity of v∞ is tc. This defines an upper
bound for the inertial drag, with an effective mass and
acceleration given by:
aeff =
v∞
tc
(16)
Meff = Mh
d
H
(17)
Accordingly, the inertial force in these two regimes can
be expressed as Fi = αv∞ with:
α = Mh
{
β
τ , if τ  tw
1
tw
, if τ  tw (18)
We propose the following interpolation between these two
regimes to obtain a continuous expression for the inertial
drag force:
Fi = αv∞ (19)
α =
Mh
tw
1
τ
βtw
+ 1
(20)
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Figure 8. Snapshots illustrating the grain mobilization and contact compression when the peak force is reached (t = tpeak).
Rows (a-d) show uplift tests performed with B = 20d, H = B and v∞ = 3
√
gd with differing acceleration times (top to
bottom: τ/tg = 10
−3, 10−2, 10−1 and 2). Grain vertical displacement (left column) and vertical acceleration (middle column)
averaged from t = 0 to tpeak. Normal contact force between grains at t = tpeak (right column): red lines link pair of grains in
contact, with a thickness proportional to the magnitude of the normal contact force, which is purely compressive as there is no
inter-granular cohesion.
C. Assessing the elasto-inertial drag model
The elasto-inertial drag model introduced in the pre-
vious section relies on a series of assumed physical pro-
cesses, and leads to a prediction for the scaling of the
parameter α given by (20). We use here the numerical
results to assess the validity of these physical processes
and scaling.
1. Scaling of α
Figure 6c compares the measured slopes α with the
model prediction in Eq. (20). When plotting the nor-
malized slope αtw/Mh as a function of the normalized
acceleration time τ/tw, all numerical data obtained for
different pate sizes B, different plate embedments H and
different grain stiffnesses E collapse onto a single curve.
The prediction of the model in equation (20) quantita-
tively captures this curve in all regimes (τ < tw and
τ > tw) using a value β = 2 as sole fitting parameter.
This supports the validity of the final expression of the
elasto-inertial drag.
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Figure 9. Examples of drag force evolutions during uplift tests (B = 30d, H/B = 1, v∞ = 3
√
gd) for different values of
acceleration time τ showing different post-peak drag relaxation. Red lines denote drag forces and black dashed lines represent
the prescribed plate velocity v(δy(t)), according to (2). Markers indicate the peak force. Times tpeak at which the peak force
is reached are indicated in unit tg.
2. Partial/full mobilization of grains above the plate
Figure 8 illustrates the contact forces and the grain dis-
placements in the granular packing when the peak force
is reached. Grain displacements are analysed via their
average velocity and average acceleration defined by:
vi =
xi(tpeak)− xi(t = 0)
tpeak
(21)
ai =
xi(tpeak)− xi(t = 0)
t2peak/2
(22)
where xi(t) is the position of a grain i at time t, and tpeak
is the time at which the peak force is reached. We opted
to consider these time averaged values rather than the in-
stantaneous velocities and accelerations because instan-
taneous values exhibit large fluctuations reflecting sud-
den and short lived grain rearrangements.
Comparative analysis of tests performed with different
acceleration times qualitatively confirm the assumptions
of the elasto-inertial model:
• The first row on figure 8 illustrates a test performed
with a small acceleration time of τ = 10−3tg. This
is shorter than that the contact time tc, which is
10−2tg in all tests presented on this figure. Most
of the grains above the plate have not significantly
moved when the peak force is reached, except for
the first layer directly above the plate. Consis-
tently, contact forces in these layers are highly com-
pressed. The plate velocity has reached its final
value v∞ and its averaged acceleration is lower than
v∞/τ , implying than the plate has finished acceler-
ating before the peak force is reached (tpeak > τ).
• At the other extreme, the last row on figure 8 il-
lustrates a test performed with a large acceleration
time of τ = 2tg which is larger than the wave prop-
agation time tw = 0.2tg. All the grains located in
the column above the plate, as well as some grains
near this column, are mobilized when the peak force
is reached. The plate velocity is lower than v∞ and
its acceleration is of the order of v∞/τ , indicating
that the plate is still accelerating when the peak
force is reached (tpeak < τ). The contact network
exhibits some moderate compression from the plate
to the free surface.
• The two central rows on figure 8 show tests per-
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Figure 10. Post-peak drag force Fpost (defined in Eq. 23) as a function of the plate ultimate velocity v∞. Tests shown here are
performed with H/B = 1, with different acceleration times and different plate sizes (see legends). Symbols and error bars show
the average and standard deviation of Fpost obtained on a series of five tests with different realizations of the initial packing.
formed at intermediate values of τ larger than the
collision time tc = 10
−2tg but smaller than the
wave propagation time tw = 0.2tg. They evidence
that the elastic compression wave has not reached
the free surface when the peak force is reached, and
that only the first layers of grains that are the clos-
est to the plate are mobilized, while the upper lay-
ers are not mobilized.
V. POST-PEAK DRAG RELAXATION
The previous section has pointed out that grain elastic-
ity and inertia influence the maximum drag force. This
section focuses on the evolution of the drag force after
the maximum drag is reached.
A. Drag force evolution after peak
Figure 9 shows examples of drag force evolution dur-
ing uplift for systems subjected to different acceleration
times in the range 10−2 6 τ/tg 6 3. For large accelera-
tion times (τ > tg), the drag force gradually decays after
the maximum is reached, with some fluctuations. In con-
trast, for small acceleration times (τ < tg), the drag force
sharply decays after the maximum is reached, to nearly
zero.
As a way to quantify this effect, we measured the value
of the drag force after the peak. At large τ , the post-peak
drag force fluctuates significantly with a period of about
d (Figure 9c,d). We therefore consider the following av-
erage to compare tests under different conditions:
Fpost =
1
4d
∫ 8d
δy=4d
F (δy)dδy (23)
which corresponds to a small windows of displacement
shortly after the maximum drag in all tests.
Figure 10 shows the values of the post-peak drag force
Fpost obtained for two plates, as a function of the ulti-
mate velocity and acceleration time.
For long acceleration times (τ = 4tg), post-peak drag
force linearly increases with the ultimate velocity v∞.
This linear increase is similar to the peak drag force be-
haviour. This suggests that the plate is still accelerating
after the maximum drag is reached, and that the post-
peak drag is also enhanced by the inertia of the grains
being accelerated in the packing.
For short acceleration times (τ = 10−1tg), post-peak
drag forces exhibit a similar linear increase with v∞ for
v∞ . 2
√
gd. At higher velocities, however, the post-
peak drag Fpost drops to a small value. This suggests
that there is a mechanism that significantly weakens the
granular packing, which only develops at high ultimate
velocities and short acceleration times.
Figure 11 evidences this mechanism by showing the
evolution of the contact network during two uplift tests
performed with a high ultimate velocity (v∞ = 3
√
gd)
and two different values of acceleration time (τ > tg and
τ < tg). At long acceleration time, the contact network
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Figure 11. Snapshot of contact network evolution during uplift. Right and left columns shows two tests performed with two
different acceleration times τ = 0.25 (left) and τ = 3tg (right); in both cases, v∞ = 3
√
gd, H/d = 20, H/B = 1. (A,B) drag
force evolution, indicating when the snapshots are taken. (a-h) corresponding force network: red lines denote contacts between
the grains, with a width proportional to the normal contact force magnitude.
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Figure 12. Time tpeak at which the drag force reaches its max-
imum and starts relaxing (H/B = 1, B/d = 30). Symbols
represents test performed with different acceleration times
and ultimate velocities (see legend). The red line shows the
function
tpeak
tg
=
τ/tg
1+τ/tg
for visual reference, which behaves
like tpeak = τ for (τ  tg) and like tpeak = tg for (τ  tg).
above the plate is maintained before, when and after the
maximum drag force is reached. In contrast, the test
performed with a short acceleration time evidences a loss
in contact forces after the peak. The granular packing is
then effectively fluidized and its resistance against the
plate motion drops.
B. Mechanisms of maximum drag force relaxation
In the quasi-static regime (v∞ 
√
gd), drag force re-
laxation is driven by plastic deformation in the packing
that contributes to relaxing some compressed contacts.
These plastic deformations take the form of grain recircu-
lation around the plate [38–40]. The criteria v∞ 
√
gd
can be interpreted as follows: grains can fall back under
the plate by gravity quicker than the plate moves up.
As a consequence, grain recirculation and its associated
plastic deformations have enough time to continuously
occur during the uplift.
Conversely, in the rate dependent regime ( v∞ √
gd), grains do not have enough time to rearrange while
the plate moves up. Figure 11 evidences the formation
of a gap under the plate as it moves up, and shows the
upward deformation of the free surface resulting from the
uplift of the packing above the plate.
This suggests that the drag force starts to relax when
grains can first rearrange by recirculating under the plate
under the action of gravity. This mechanism implies that
the peak force is reached at tpeak ≈ tg. Figure 12 shows
that this is the case for long acceleration times (τ > tg),
where tpeak is larger than τ . In contrast, at lower ac-
celeration times (τ  tg), the maximum drag force re-
laxation corresponds to the end of the plate acceleration
(tpeak ≈ τ), and is not controlled by grain recirculation
around the plate.
VI. CONCLUSIONS
This study points out that granular drag forces may
be strongly affected by the acceleration of the moving
object. We evidenced this effect in a series of elemen-
tary uplift tests, and we rationalized it in terms of an
elasto-inertial drag component resulting from the inertia
of grains being mobilized in the packing.
The first finding is that the maximum drag force can al-
ways - at least for all the presented tests- be expressed in
terms of a quasi-static component plus a dynamic com-
ponent that is proportional to the final velocity of the
object. This linear increase is expressed in (7). It defines
the transition from a quasi-static to a rate-dependent
drag regime occurring when the dynamic component be-
comes larger than the quasi-static component. We ob-
served that this occurs when the ultimate plate veloc-
ity exceeds the grain free fall velocity scale
√
gd. Con-
sequently, we propose that the quasi-static and rate-
dependent regimes corresponds to whether or not grains
have enough time to rearrange behind the moving plate
to let it through the packing.
The second finding is that the dynamic drag compo-
nent results from an elasto-inertial process, by which
grains in the packing are gradually being accelerated
when the object is set into motion, with some delay.
With the considered vertical uplift configuration, a full
mobilization is achieved when the plate acceleration is
sustained long enough for the elasto-inertial compression
wave it triggers to reach the surface. For shorter acceler-
ation times, we observed a partial mobilization whereby
only the layers the closest to the plate contribute to the
inertial resistance. We introduced an inertial drag model
based on this process that successfully captures the mea-
sured maximum drag forces. This model is expressed in
Eqs. (11) and (19).
Finally, we observed that short-lived accelerations lead
to an enhanced maximum drag force, but can lead to a
subsequent fluidization of the packing. As a result, the
drag force may drop to nearly zero after the maximum is
reached.
The scope of this study is restricted to a particular
mode of loading, the vertical uplift of a relatively shallow
object. It is expected that similar inertial effect would
arise with different mode of loading including vertical
penetration, lateral ploughing, and motions a great depth
[24, 31, 41–43]. At constant velocity, drag forces with
these loadings are similar to that measured in vertical
uplift; nonetheless, the zone of mobilized grains may be
qualitatively different: it may not extend to the free sur-
face and be localized around the object. How this would
affect an elasto-inertial drag component remains to be
measured and understood.
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CHAPTER 6
Conclusion
The objective of this Thesis was to investigate the uplift behavior of large objects -called
intruders or anchors- embedded in cohesionless granular packings. Plate shaped intruders of
various sizes B, embedded at different depths H in granular packing are subjected to different
uplift forces acting against gravity including steady, cyclic and high-velocity pullout loadings.
In this aim, the discrete element simulations are adopted to understand the micro-mechanical
processes while monitoring the motion and force experienced by the intruder as it traveled in
the granular media.
6.1 Summary of the results
This thesis is built upon the existing knowledge on uplift capacity of anchors in the quasi-
static regime, and benchmarked our numerical method and demonstrated its validity. The
quasi-static uplift capacity F0 of the plate-shaped intruder used in this study was identified.
Subsequently, this knowledge was extended to explore the cyclic uplift response of intruders,
where the amplitude was normalised by the quasi-static uplift capacity F0, denoted by loading
magnitude R = Fext
F0
, and frequency was normalised by the time required for a free-fall
of a grain over the distance d under the action of gravity g, denoted by loading frequency
F = f√
g/d
. Finally, this study investigated the possibility of an inertial regime by subjecting
the intruders to different accelerations, as the quasi-static limit was well-established.
The identified open questions primarily focused on two aspects namely- drag force/uplift
capacity and mobility, as stated below with the key conclusions.
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• Q1. Can uplift capacity models based on small-scale tests be safely upscaled?
Conversely, how small can laboratory tests be to represent full-scale anchors?
In the process of validating our numerical results, interesting observations were
noticed evidencing strong scale effects. For a considered embedment ratio H/B,
the breakout factor Nγ = F0ρgSH decreased with increase in the size B of intruder.
Though the breakout factors for large sized (B  d) intruders converged towards the
existing continuum models, they monotonically increased for small sized (B ∼ d)
intruders. Moreover, these observations are consistent with some previously reported
results (Dickin 1994; Sakai et al. 1998; Sakai and Tanaka 1998; Stone and Newson
2006; Costantino et al. 2008). However, there is no model which could predict this
extra contribution arising from the grain-size effect. Consequently, by observing
the micro-processes, a model was developed which not only quantified this extra
contribution but also captured the previously reported experimental results by Sakai
et al. 1998. Additionally, this allows the safe upscaling of uplift capacities of small
to large intruders, as the laboratory tested anchors are small in size where there may
be possibility of significant grain-size effect depending upon the B/d ratio.
• Q2. What is the effect of cyclic loading, including amplitude and frequency, on the
mobility of plate anchors in granular materials?
Loads on anchors induced by earthquakes, winds and waves are cyclic in nature.
This study examined the cyclic uplift response of intruders to wide range of cyclic
loading magnitudes and frequencies. The results showed that both these parameters
govern the onset of motion and indicated three different mobility regimes namely:
failure, non-failure and the intermediate between these two regimes called the creep.
For loading magnitude R . 1, irrespective of the frequency, a non-failure regime
was noticed where the intruder hardly moved from its initial position even though
the load was persisted for thousands of cycles. By contrast, for loading magnitude
R & 1.5, irrespective of frequency, failure was observed as the intruder consistently
moved up after every cycle and eventually came out of the system after few tens
of cycles. Interestingly, creep regime and the effect of frequency was noticed for
the loading magnitudes between these two extremes. Based on the concept of time
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required for a free fall of a grain over the distance d and inertial granular drag, the
developed model distinguished the failure and non-failure regimes satisfactorily.
In other words, the model could predict for what loading conditions the intruder
remains mobile or immobile. Furthermore, unexpected failures were evidenced for
specific frequencies even at low loading magnitudesR ≈ 0.75; which was attributed
to elasto-inertial resonance effect and the developed model captured these specific
frequencies.
• Q3. Are drag forces enhanced when dynamically uplifting such anchors? If so, what
controls the transition between a quasi-static – in the meaning: rate independent-
response to a dynamic response?
This study investigated the uplift capacity F0 when the intruders are subjected to
dynamic high-velocity pullout loads, as there is no notion of it. Conforming our
intuition, the results indicated strong rate effects and the uplift force F0 increased
linearly with the pullout velocity, and the associated acceleration of the intruder.
Accordingly, the study distinguished the quasi-static and the inertial regimes, where
the transition was found to occur at a pullout velocity v∞ ≈ 0.1
√
gd. Based on the
concept of inertial granular drag, including various time scales such as collision time
tc, elastic wave propagation time tw and time required for a free fall of a grain under
the action of gravity tg, the developed model captured the results in both the regimes.
Surprisingly, it was observed that the rate of velocity influenced the drag force Fd
which showed different trends depending upon the acceleration patterns.
Specifically, this study linked the macro-mechanical response of intruder’s motion and the
drag force experienced by it to various micro-mechanical information obtained from the
specially designed DEM simulations. As these simulations were efficient in providing the
information at a grain level, each set of our results are rationalised using physically-based
models by underpinning the necessary micro-mechanical information including kinematic and
dynamic properties. All these results highlight the fundamental differences in the mobility of
intruders experiencing steady and dynamic loads.
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6.2 Research impact and outlook
This research identified various physical processes that govern the mobility of intruders
in granular materials. Additionally, the findings of this study can be readily applied to
geotechnical problems involving anchors.
The grain-size effect evidenced in this study points the importance of scale effects and how
direct upscaling of uplift capacities obtained in small scale laboratory tests to large anchors
could lead to erroneous estimation of uplift capacities.
Investigations on cyclic uplift response of intruders revealed surprising results, indicating
that both loading magnitude and frequency govern the onset of motion. Interestingly, and
especially at higher frequencies the intruders were able to sustain loads greater than quasi-
static uplift capacity as the inertia of the grains to certain extent impedes the motion of intruder
at higher frequencies (or at shorter time scales).
Furthermore, intruders subjected to higher accelerations evidenced enhanced uplift capacities
much greater than the quasi-static uplift capacity. For intruder to move, it has to displace
the surrounding grains which have mass. This can be perceived as a manifestation of New-
ton’s second law of motion, which demonstrated that the force experienced by an object is
proportional to mass times the acceleration it experiences.
Though this study rationalised various aspects of mobility and drag force with suitable
analytical models, the environment of numerical experiments was 2-dimensional. It would be
interesting to apply and extend these models in 3-dimensional systems. Moreover, systematic
investigation on the effect of solid fraction of the granular packing on these results would
further enhance the knowledge. Also, it is yet to be confirmed if the grain-size effect is
prevalent just in dense packing or even in loose packing configurations.
Several studies have indicated how the inclusion of cohesion can alter the rheology of granular
flows. However there are limited studies probing the mobility problems in cohesive soils,
especially at the grain scale. It would be interesting to capture the influence of cohesion on
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the forces experienced by intruders. Additionally, there is scope to explore the rate effects in
cohesive granular soils.
Furthermore, there are instances where the pore spaces in the granular media are occupied
by the water/liquid. If grains have to move in any direction, the surrounding fluid has
to move somewhere. Moreover, things become more complicated in such systems as the
applied load is shared by fluid along with the grains. Also, it is understood that the saturated
cohesionless granular media are prone to liquefaction upon vibrating the system. Even though
the knowledge about saturated granular media is known, the physical processes at micro-scale
remain elusive. It would be interesting to see how the non-local effects prevail upon imparting
local cyclic loads as studied in this thesis.
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